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Abstract 



Every finite branch local solution to the sixth Painleve equation around a fixed singular 
point is an algebraic branch solution. In particular a global solution is an algebraic 
solution if and only if it is finitely many-valued globally. The proof of this result relies 
on algebraic geometry of Painleve VI, Riemann-Hilbert correspondence, geometry and 
i -^h ■ dynamics on cubic surfaces, resolutions of Kleinian singularities, and power geometry of 

algebraic differential equations. In the course of the proof we are also able to classify all 
finite branch solutions up to Backlund transformations. 

1 Introduction 

ON 

c — . 

\q . We are interested in a finite branch local solution to the sixth Painleve equation around a fixed 
singular point. We show that every such solution is in fact an algebraic branch solution (see 
Permit ion 1 1 . 1 1 f or the terminology). In particular a global solution is an algebraic solution if and 
only if it is hnitely many-valued globally. Although the problem under study is local in nature, 
our solution to it relies on an effective combination of some global technologies and some local 
J> ! tools. The former includes the algebraic geometry of the sixth Painleve equation, Riemann- 
Hilbert correspondence, geometry and dynamics on cubic surfaces, Kleinian singularities and 
their minimal resolutions [D^ [TBI [T7J [TBJ [20], while the latter includes the power geometry 
of algebraic differential equation [5J El Ej , which is a method of constructing formal solutions 
by means of Newton polygons, and the theory of nonlinear differential equations of "regular 
singular type" pm EH] , which discusses the convergence of formal solutions. 

Let us describe our main results in more detail. First we recall that the sixth Painleve 
equation Pvi(k) is a Hamiltonian system of nonlinear differential equations 

dq 3H(k) dp 8H{k) 
dz dp ' dz dq ' 
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with time variable z G Z := P 1 — {0, l,oo} and unknown functions q = q(z) and p = p(z), 
depending on complex parameters k = (kq, Ki,K2,k,3, ^4) in the 4-dimensional affine space 



K :={k 



(Kq, Ki, K 2 , «3, «4) e C 5 : 



2K + K\ + K 2 + K 3 + K 4 = 1 }, 



(2) 



where the Hamiltonian H(k) = H(q,p, 2; k) is given by 

z(z - I)H(k) = (qoqiq z )p 2 ~ i>i<?i<? 2 + («a - l)?o9i + K 3 q q z }p + Ko(«o + «4)?«, 

with q v := q — v for z/ G {0, 1, 2}. Each of the points 0, 1, 00 is called a fixed singular point. 

It is well known that equation (pQ) has the analytic Painleve property, that is, any meromor- 
phic solution germ at a base point z G Z can be continued meromorphically along any path in 
Z emanating from z. Thus a solution can branch only around a fixed singular point. We are 
interested in finite branch solutions around it, by which we mean the following. 

Definition 1.1 A finite branch solution to equation (CQ), say, around z = is a local solution 
(q(z),p(z)) on a punctured disk D x = D — {0} centered at z = such that its lift (q(z),p(z)) 
along some finite branched covering <p : (D, 0) — ► (D, 0), z 1— > 2 = z n around 2 = is a single- 
valued meromorphic function 011 D x = D — {0}. Such a solution is said to be an algebraic 
branch solution if it can be represented by a convergent Puiseux-Laurent expansion 



with a,i = hi = for all sufficiently small i<0, namely, if the lift (q(z),p(z)) is a single- valued 
meromorphic function on D with at most pole at the origin 2 = 0. 

Problem 1.2 Is any finite branch solution to Pyi(/c) an algebraic branch solution ? 
In this article we settle this problem in the affirmative as is stated in the following. 

Theorem 1.3 Any finite branch solution to Painleve VI around a fixed singular point is an 
algebraic branch solution. In particular a global solution is an algebraic solution if and only if 
it is finitely many-valued globally. These results are valid for all parameters k G K,. 

It is an interesting problem to consider algebraic solutions to Painleve VI. Many algebraic 
solutions have been constructed in [H [21 El El C31 HH I2H ES] , but a complete classification seems 
to be outstanding. We hope that Theorem 11.31 will play an important part in discussing this 
issue. The following remark explains what Theorem 11.31 signifies and why it is remarkable. 

Remark 1.4 Logically, according to Definition ll.il a finite branch solution (q(z) , p(z)) around 
2 = may have a very transcendental singularity at 2 = 0, to the effect that its lift (q(z) , p(z)) 
may have infinitely many poles in D x accumulating to the origin z — 0, or even if such an 
accumulation phenomenon does not occur, it may have an essential singularity at z — 0. 
Rather surprisingly, however, Theorem 11.31 excludes the possibility for a finite branch solution 
to admit such transcendental phenomena. This result becomes more intriguing if we recall that 
wild behaviors of a generic solution to Painleve VI have been observed in pi [121 E21 EH [32] and 
examples of solutions with infintely many poles accumulating to 2 = are given in [T2l I3T] ; 
such a distribution of poles may be expected for a generic solution, though it is not rigorously 
verified yet to the author's knowledge. Thus we can think that a finite branch solution is quite 
distinguished from generic solutions, necessarily being an algebraic branch solution. 





(3) 
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I II III 

i j 

{all algebraic branch solutions} c — > {all finite branch solutions} {all solutions} 

I II 
*' 

{some algebraic branch solutions} {all finite branch solutions} 



Figure 1: Main idea for the proof of Theorem 11.31 



The main idea for the proof of Theorem 11.31 is presented in Figure [TJ We have natural 
inclusions i and j in the top line of Figure [JJ and we wish to show that the injection i is in fact 
a surjection. Our strategy consists of the "upper bound part" and the "lower bound part" . 

(1) Upper bound part: In this part we investigate the inclusion j : II <^-> III in Figure [TJ 
considering how the locus of finite branch solutions is included in the moduli space of 
all solutions. In other words, we make a confinement of the locus II in the entire space 
III. What we shall really do is not an upper bound estimation of this locus but rather a 
pinpoint identification of it. This is the main part of the article and we use the algebraic 
geometry of Painleve VI, Riemann-Hilbert correspondence, geometry and dynamics on 
cubic surfaces, and minimal resolutions of Kleinian singularities [TSl [EE1 HH [EE1 EE [20] ■ 

(2) Lower bound part: In this part we fill in the diagram of Figure [TJ by adding the bottom 
line to the top one. We try to construct as many algebraic branch solutions as possible 
in order to make the set i 7 as large as possible. The construction is based on the power 
geometry technique developed in [5], EJ [7] and the convergence arguments in pUl [TTj . 
We are done if the set I' is large enough to show that the injection %' : I' 77 is in 
fact a surjection. This does not mean that we verify the equality I' = II directly. (If 
such a direct approach were feasible, then our problem would not be difficult from the 
beginning!) Instead, we prove it very indirectly based on the following idea. 

(3) Key trick: Suppose that a component A of I' injects into a component B of //. If the 
cardinalities of A and B are finite and the same, then the injection i' : A B is in 
fact a surjection. If A and B are biholomorphic to C and the injection i' : A B is 
holomorphic, then it must be a surjection because any holomorphic injection C ^ C is a 
surjection (use Casorati-Weierstrass or Picard's little theorem). The same argument holds 
true if C is replaced by C x , since any holomorphic injection C x "—>■ C x is a surjection (lift 
it to the universal covering C C). These tricks enable us to identify the component 
A C I' with the component B C II. We show that each component involved is either of 
the three types mentioned above. Then we make this kind of argument componentwise 
to get an identification I' = II, which leads to the desired coincidence I' = I = II. 

In view of the way in which Theorem 11.31 is established, the power geometry technique 
provides us with an efficient method of identifying all finite branch solutions (up to Backlund 
transformations), which have now turned out to be algebraic branch solutions, by determining 
the leading terms of their Puiseux-Laurent expansions. 

In some sense this article is a counterpart of the previous paper [2U] where an ergodic study 
of Painleve VI is developed (see also the survey |21j). Put z x = 0, z 2 = 1, z 3 = oo. For each 
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Figure 2: Three basic loops ji, 72, 73 in Z = P 1 — {0, 1, 00} 



{i, j, k} = {1, 2, 3}, let 7« be a loop in Z surrounding Zi once anti-clockwise and leaving Zj and 
Zk outside as in Figure [2J Then the fundamental group ni(Z,z) is represented as 



A loop 7 G 7Ti(Z, z) is said to be elementary if it is conjugate to 7™ for some i G {1, 2, 3} and 
m G Z; otherwise, it is said to be non-elementary. The main theme of |20j is the dynamics of 
the nonlinear monodromy of Pvi(^) along a given loop 7. It is shown there that, along every 
non-elementary loop, the nonlinear monodromy is chaotic and the number of its periodic points 
grows exponentially as the period tends to infinity. On the other hand, it is Liouville integrable 
along an elementary loop, in the sense that it preserves a Lagrangian fibration. Now we notice 
that from the dynamical point of view the main problem of this article is nothing other than 
discussing the periodic points of the nonlinear monodromy along the basic loop ji, which is 
of course an elementary loop. In view of its integrable character, one may doubt if there is 
something very deep with this issue. As Theorem 11.31 and Remark 11.41 show . however, this issue 
is actually quite interesting from the function-theoretical point of view. 

The plan of this article is as follows. In §|2]the phase space of Painleve VI is introduced as a 
moduli space of stable parabolic connections. In §|3] the Riemann-Hilbert correspondence from 
the moduli space to an affine cubic surface is formulated and its character as an analytic minimal 
resolution of Kleininan singularities is stated. In §H] the dynamical system on the cubic surface 
representing the nonlinear monodromy of Painleve VI is formulated and some preliminary 
properties of it are given. In §5] we briefly review Backlund transformations and their relation 
to the Riemann-Hilbert correspondence. In §6] fixed points and periodic points of the dynamical 
system are discussed. A stratification of the parameter space /C is also introduced in order to 
describe the singularities of the cubic surfaces. In §[7] a case-by-case study of fixed points and 
periodic points is made according to the stratification, thereby a pinpoint identification of 
finite branch solutions is made on each stratum. In £JB] power geometry of algebraic differential 
equations is applied to Painleve VI in order to construct as many algebraic branch solutions as 
possible. In §|H]we consider the inclusion of those solutions constructed in §|H]into the moduli 
space of all finite branch solutions. After some preliminaries on Riccati solutions, we show that 
this inclusion is in fact a surjection, thereby complete the proof of Theorem 11.31 




(4) 
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Table 1: Riemann scheme: n t is the difference of the second exponent from the first. 

2 Phase Space 

Equation (CD) is only a fragmentary appearance of a more intrinsic object constructed algebro- 
geometrically [T6], [TTl [TH] . We review this construction following the expositions of [20l [2Tj . The 
sixth Painleve dynamical system Pvi(k) is formulated as a holomorphic, uniform, transversal 
foliation on a fibration of certain smooth quasi-projective rational surfaces 

ir K : M(k) -> Z : = P 1 - {0, 1, 00}, 

whose fiber A4 z (k) := 7r f 7 1 (2;) over z G Z, called the space of initial conditions at time z, is 
realized as a moduli space of stable parabolic connections. The total space is called 

the phase space of Pvi(k). In this formulation, the uniformity of the Painleve foliation, in 
other words, the geometric Painleve property of it is a natural consequence of a solution to 
the Riemann-Hilbert problem (see Theorem I3.5p . especially of the properness of the Riemann- 
Hilbert correspondence [16]. Then equation (00) is just a coordinate expression of the foliation 
on an affine open subset of «M(/c) and the analytic Painleve property for equation (OQ) is an 
immediate consequence of the geometric Painleve property for the foliation and the algebraicity 
of the phase space M.(k). Moreover there exists a natural compactification A4 z (k) M. z (k) 
of the moduli space A4 z (k) into a moduli space M. z (k) of stable parabolic phi- connect ions. 

Here we include a very sketchy explanation of the terminology used in the last paragraph. 
A stable parabolic connection is a Fuchsian connection equipped with a parabolic structure on 
a (rank 2) vector bundle over P 1 having a Riemann scheme as in Table [U where the parabolic 
structure corresponds to the first exponents, which satisfies a sort of stability condition in 
geometric invariant theory. Here the parameter stands for the difference of the second 
exponent from the first one at the regular singular point On the other hand, a stable 
parabolic phi-connection is a variant of stable parabolic connection allowing a "matrix-valued 
Planck constant" called a phi-operator such that the generalized Leibniz rule 

V(fs) = df® ( f ) (s) + fV(s) 

is satisfied, where the key point here is that the field <fi may be degenerate or simi-classical. 
Then the moduli space A4 z (k) can be compactified by adding some semi-classical objects, that 
is, some stable parabolic phi-connections with degenerate phi-operator 0. There is the following 
characterization of our moduli spaces (see Figure [3]). 

Theorem 2.1 ( fT6l [T71 [T8] ) 

(1) The compactified moduli space M. z (k) is isomorphic to an 8-point blow-up of the Hirze- 
bruch surface E 2 — > IP 1 of degree 2. 
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Figure 3: Nonlinear monodromy 7* : M. z (k) O along a loop 7 G 7Tx(Z, z) 

(2) M. z (k) has a unique effective anti- canonical divisor y z (n) , which is given by 

y z {K) = 2E + E l + E 2 + E 3 + E 4 , (5) 

where E is the strict transform of the section at infinity and E^ (i = 1, 2, 3, 4) is the strict 
transform of the fiber over the point t{ G P 1 of the Hirzebruch surface E 2 — > P 1 . 

(3) The support of the divisor y z {n) is exactly the locus where the phi- operator cf) is degenerate, 
with the coefficients of formula (GJ) being the ranks of degeneracy of (p. In particular, 

M z (K)=M z (K)-y z (K). 

This theorem implies that M. z (k) is a moduli-theoretical realization of the space of initial 
conditions for Pyi(^) constructed "by hands" in |26j, M. z (k) is a generalized Halphen surface 
of type DP in [30] and (M z (k), ^(k)) is an Okamoto-Painleve pair of type -D4 in [28] . 

Since the Painleve foliation has the geometric Painleve property [To] , each loop 7 G 717 (Z, z) 
admits global horizontal lifts along the foliation and induces an automorphism 

7* : M z (k) -> M z (k), Q^Q', (6) 

called the nonlinear monodromy along the loop 7 (see Figure [H]). Note that a fixed point or a 
periodic point of the map 7* : M. z (k) O can be identified with a solution germ at z which is 
single-valued or finitely many-valued along the loop 7, respectively. 

3 Riemann-Hilbert Correspondence 

Generally speaking, a Riemann-Hilbert correspondence is the map from a moduli space of 
flat connections to a moduli space of monodromy representations, sending a connection to its 
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Figure 4: Four loops in P 1 — {0, z, 1, oo} 

monodromy. In our situation an appropriate Riemann-Hilbert correspondence 

RH 2jK : A4 z (k) —> 7Z z (a), Q h-> p, 



(7) 



is formulated in [TBI [TTJ, HE]- For each ) G A := C 4 , let lZ z (a) denote the 

moduli space of Jordan equivalence classes of linear monodromy representations 



P ■ 7Tl( 



{0,z,l,oo},*)^SL 2 (C), 



with the prescribed local monodromy data Tr p{Ci) = aj (i = 1, 2, 3, 4), where Ci is a loop as in 
Figure HI Any stable parabolic connection Q G A4 z (k), restricted to P 1 — {0, z, 1, 00}, induces 
a flat connection and determines the Jordan equivalence class p G 7Z z {a) of its monodromy 
representations, where the correspondence of parameters k 1— > a is described as follows. If 



(8) 



exp(^/^l^lKi) (2 = 0,1,2,3), 

- exp^y/^lnn^) (i — 4), 

then 6 = (6 , 61, b 2 , 63, 64) belongs to the multiplicative space 

B:={b= (60,61,62,63,64) £ (C x ) 5 : 6^626364 = 1}. 

The Riemann scheme in Table [TJ then implies that the monodromy matrix p(Cj) has an eigen- 
value bi for each z = 1,2,3,4. Since p{Ci) G SX 2 (C), its trace a« = Trp(Cj) is given by 



a i = b i + b~ 1 (z = 1,2,3,4). 

Given any 9 = (#1, 9 2 , 6* 3 , 6* 4 ) G := C 4 , consider the affine cubic surface 

S(6) = {x G : /(x, 6 1 ) := XtX 2 x 3 + x\ + x\ + x\- 6 x xi - 9 2 x 2 - O3X3 + 84 

Then there exists an isomorphism of affine algebraic surfaces 

Tl z (a)^S(9), p h-> x = (x l ,x 2 ,x 3 ), with x { = Tr p(CjC k ) 

for {z, j, k} = {1, 2, 3}, where the correspondence of parameters a 1— > 9 is given by 

diat + ajak ({i, j, k} = {1, 2, 3}), 

01020304 + + 02 + 03 + a| — 4 (i = 4). 
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Figure 5: Dynkin diagram and Cartan matrix of type D 
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"2/ 

(i) 



The composition of the sequence n^b^a^Ooi the three maps (jHJ), (EJ) and (TTOj) is referred 
to as the Riemann-Hilbert correspondence in the parameter level [16] and is denoted by 

rh:/C^0. (11) 

Then the Riemann-Hilbert correspondence ((7|) is reformulated as a holomorphic map 

RH Z K : M*0) -> 5(0) with = rh(«). (12) 



The map (llip admits a remarkable affine Weyl group structure [TBI E5], from which the 
Backlund transformations of Painleve VI emerge [T3]. In view of formula §2§ the affine space 
K, can be identified with the linear space C 4 by the forgetful isomorphism /C —>■ C 4 , k = 
(kq, ki, K2, «3, K4) 1— > (^i, k 2 , k 3 , k 4 ), where the latter space C 4 is equipped with the standard 
(complex) Euclidean inner product. For each i £ {0, 1, 2, 3, 4}, let tOj : /C — > JC, k h- ► k', be the 
orthogonal reflection in the hyperplane { k £ /C : /c, = 0}, which is explicitly represented as 



K>j ~\~ K"iC 



(z,je {0,1,2,3,4}), 



(13) 



where C = [c%j) is the Cartan matrix of type given in Figure El Then the group generated 
by w , Wi, w 2 , w 3 , is an affine Weyl group of type D 



(i) 
4 5 



(wo,w 1 ,W2,w 3 ,w 4 ) r\ K. 



corresponding to the Dynkin diagram in Figure El The reflecting hyperplanes of all reflections 
in the group W(D±) are given by affine linear relations 



Kj 



m, 



K\ ± K2 ± K3 ± K4 — 2m +1 (i £ {1, 2, 3, 4}, m £ Z), 



where the signs ± may be chosen arbitrarily. Let Wall be the union of all these hyperplanes. 
Then the affine Weyl group structure on (1111 is stated as follows [IE] (see Figure [6]). 

Lemma 3.1 In terms ofbEB, the discriminant A{9) of the cubic surfaces S{9) factors as 



1=1 



k 1 ) 2 n ( &e - i )> 

ee{±i} 4 



(14) 



where we put b £ = b^b^b^b^ for each quadruple sign e = (si, e 2 , £3, £4) £ {±1} 4 . The 
Riemann-Hilbert correspondence in the parameter level (1 1 1\) is a branched W [D^)- covering 
ramifying along Wall and mapping Wall onto the discriminant locus A{9) = in 0. 
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A{6) = 






V \ 



ir Wal1 n 

/C-space O-space 

Figure 6: Riemann-Hilbert correspondence in the parameter level 

The singularity structure of the cubic surfaces S{9) can be described in terms of the strati- 
fication of K, by proper Dynkin subdiagrams, which we now define. 

Definition 3.2 Let X be the set of all proper subsets of {0, 1, 2, 3, 4} including the empty set 
0. For each element 7 G X, we put 



the W^-D^ 1 "^-translates of the set { n G K, 



o (i e /) }, 



the Dynkin subdiagram of D± that has nodes • exactly in I. 



Let Ki be the set obtained from Ki by removing the sets JCj with #J = $X + 1. Then it 
turns out that we have either Ki = ICr or /C/ fl fCp = for any distinct subsets I, I' G X 
(see Remark [3.31) . So we can think of the stratification of /C by the subsets fCi {I El), called 
the W (D^)-stratification, where each /C/ is referred to as a W (D^)-stratum. For example, if 
7 = 0, one has the big open K,% = JC — Wall. Other examples of ^(-D^-strata are given in 
Figure [71 The diagram Dj encodes not only its underlying abstract Dynkin type but also the 
inclusion pattern Dj <^-> a kind of marking. The abstact Dynkin type of Dj is denoted by 
Dynk(J). All the feasible abstract Dynkin types are tabulated in Tabled 



There is a mistake in the definition of JCj in [TBI Definition 9.3] and [21], which is now 
corrected in Definition 13.21 (As for [TO], correction may be possible before it is published.) 

Remark 3.3 Let I and V be distinct elements of X. If Dynk(J) ^ Dynk(X), then KjHKp = 0. 
On the other hand, if JCj = JCi> then Dynk(J) = Dynk(J') must be of abstract type A\ or Ai- 




V 



Da Af A 3 

/ = {0,1,2,3} 7 = {1,2, 3, 4} J = {0,1,2} 

Figure 7: Examples of W(D^)-str&ta. 
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Table 2: Feasible abstract Dynkin types 

(1) There is a unique ^(.D^^-stratum of abstract type 0, or A%, or A%, or Af 4 . 

(2) There are six W{p\ )-strata of abstract type A® 2 or v4 3 . 

(3) There are four W(D^ )-strata of abstract type A® 3 or D±. 

Example 3.4 We consider the W(D^) -strata of abstract types Af 4 and -D 4 . 

(1) The unique W(D± ) -stratum of abstract type Af 4 exactly corresponds to the value 9 = 
(0, 0, 0, —4). A parameter k G /C lies in this stratum if and only if either 

(a) k%, K 2 , k>3, Ka G Z, «i + k 2 + % + ^4 G 2Z; or 

(b) K l5 « 2 , ft 3 , k 4 G Z + 1/2. 

(2) The four W(D4 ) -strata of abstract type -D4 exactly correspond to the values 6 = 
(8ei, 8e 2 , 8e 3 , 28), where £ = (ei, £ 2 > £3) G {±} 3 ranges over all triple signs such that 
£i^2^s = 1. A parameter k G /C lies in the union of these W(Z?4 )-strata if and only if 

K lj ^2; K 4 G Z, K\ + K 2 + K 3 + K A G 2Z + 1. 

With this stratification, we have a very neat solution to the Riemann-Hilbert problem. 
Theorem 3.5 (PS HH HBJ) Given any k e JC, put 6 = rh(«) G 0. TTien, 

(1) if k G /Cj i/ien <S(0) /ias Kleinian singularities of Dynkin type Dj, 

(2) t/ie Riemann-Hilbert correspondence is a proper surjective map that is an analytic 
minimal resolution of Kleinian singularities. 

If k G K — Wall then the surface S (8) is smooth and RIL jK is a biholomorphism, while if 
k G Wall, it is not a biholomorphism but only gives a resolution of singularities (proper and 
surjective, but not injective). For example, see Figure [H] for the case k = (0,0,0,0,1) where 
a singularity of type D^ occurs. In the latter case, however, if we take a standard algebraic 
minimal resolution of Kleinian singularities as constructed by Brieskorn [I] and others, 

(p : S{6) -> S{0) (15) 
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moduli space cu bi c surface 



Figure 8: Resolution of singularities by Riemann-Hilbert correspondence 
then we can lift the Riemann-Hilbert correspondence to have a commutative diagram 

M z (k) ^ S{6) 

L (16) 

M z (k) ^ S(0). 

The lifted Riemann-Hilbert correspondence RH 2iK is a biholomorphism and hence gives a strict 
conjugacy between the nonlinear monodromy ([6]) of Pvi(k) and a certain automorphism 

g:S(9)^S(9). (17) 

This latter map will be described explicitly in Section H] (see Theorem 14. ip . 

The singularity structure of the affine cubic surface S(9) is closely related to the Riccati 
solutions to Pvi(k) [16] . where a Riccati solution is a particular solution that arises from the 
Riccati equation associated to a Gauss hypergeometric equation. Let £ z (k) C A4 z (k) be the 
exceptional set of the resolution of singularities by the Riemann-Hilbert correspondence f|T2|) . 
Similarly, let S(9) C S(9) be the exceptional set of the algebraic resolution of singularities (TT3|) . 



Theorem 3.6 ( [16L 129] ) Equation Pvi(k) admits Riccati solutions if and only if k G Wall. 
All Riccati solution germs at time z G Z are parametrized by the exceptional set£ z (n) C Ai z (n), 
which precisely corresponds to the exceptional set 8(8) C S(9) through the lifted Riemann-Hilbert 
correspondence (TT51) . 

Fot this reason we may refer to E z [k) and M° z {h) ■= A4 z (k) — E z [k) as the Riccati locus and 
non-Riccati locus of A4 z (k) respectively. They are invariant under the action of the nonlinear 
monodromy ([6]). Corresponding to them, let Sing(#) and S°(9) := S(9) — Sing(6 ) ) be the singular 
locus and the smooth locus of the cubic surface S(9) respectively. 

Remark 3.7 Two remarks are in order at this stage. 
(1) By Theorem 13.51 the Riemann-Hilbert correspondence f[T2l) restricts to a biholomorphism 

RK° ZtK :M:( K )^S°(9) (18) 
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between the non-Riccati locus of A4 z (k.) and the smooth locus of S(9), while it collapses 
the Riccati locus S z (k) to the singular locus Sing(6 l ). In order to resolve this degeneracy 
and obtain an isomorphism, we had to take the lifted Riemann-Hibert correspondence 
(|16p . which induces an isomorphism between the exceptional sets S z (k) and S{6). 

(2) For the Riccati solutions the main problem of this article is trivial; if a Riccati solution 
is a finite branch solution around a fixed singular point, then it is an algebraic branch 
solution, because the Riccati solution is (essentially) the logarithmic derivative of a Gauss 
hypergeometric function. Thus we may restrict our attention to the non-Riccati locus. 

4 Dynamics on Cubic Surface 

We shall describe the strict conjugacy (|17|) of the nonlinear monodromy For a cyclic 

permutation k) of (1, 2, 3) we define an isomorphism gi : S(9) — »■ S(6'), (x, 9) \— > (x', 9') by 

gi : (x'i, x'j, x' k , 91 9j, 9' k ) = (9j - Xj - x k Xi, x h x k , 9j, 9 h 9 k ). (19) 

Through the resolution of singularities ( fT5j) . the map gi is uniquely lifted to an isomorphism 

ft : S{9) - S(9'), (i = 1,2,3). 

We remark that the square gf is an automorphism of S{9) with gf being its lift to S{6). 

Theorem 4.1 ([16]) For each i G {1,2,3} the nonlinear monodromy 7j* : M. z (k) O along the 
i-th basic loop 7; is strictly conjugated to the automorphism gf : S(9) via the lifted Riemann- 
Hilbert correspondence ( figj) . More generally, if 7 £ iti(Z, z) is represented by 7 = 7^7^ • • ■ 7j £ ™ 
with . . . , i n ) G {1,2, 3} n and (ei, . . . , e n ) G {±l} n , then the map ( fi7| ) is given by 

Let Fixj(9) be the set of all fixed points of the transformation : S(9) O- Moreover, 
for any integer n > 1, let Per^^n) be the set of all periodic points of prime period n of the 
transformation g| : S{9) O- Theorem 14. II then implies that all single-valued solution germs and 
all n-branch solution germs to Pvi(k) around the fixed singular point Zj are parametrized by 
the sets FiXj(#) and Per^ (9;n) respectively. By Remark |3~T1 considering Fbc,-^) and PeYj(9;n) 
upstairs is the same thing as considering Fixj(9) and Per^^n) downstairs, except for the ex- 
ceptional locus upstairs and the singular locus downstairs. Here Fixj(9) and Per^ (6*;n) denote 
the set of all fixed points and the set of all periodic points of prime period n of the transfor- 
mation g 2 j : S(9) O downstairs. In order to make the situation more transparent, we begin by 
investigating simultaneous fixed points of gf, g\, g\ downstairs. 

Theorem 4.2 IfFix(9) is the set of all simultaneous fixed points of gf, g\, g\ : S[9) O, then 

Fix(9) = Sing(0). (20) 
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Proof. A point x G S(9) is a singular point of the surface S(9) if and only if its gradient vector 
field y(x,9) = (yi(x,9),y2(x,9),y3(x,9)) vanishes at the point x, where 



df 

yi(x, 6) := q^(x, 9) = 2x { + XjX k - 9 { (21) 



On the other hand, an inspection of formula (1191) readily shows that i G 5(0) is a simultaneous 
fixed point of g\ , g%, if and only if a; is a common root of equations 

f(x, 9) = Vl (x, 9) = y 2 {x, 9) = y 3 (x, 9) = 0. (22) 

Then the equality (1201) immediately follows from these observations. □ 
As is announced in [16], this theorem yields a characterization of the rational solutions. 

Corollary 4.3 Any single-valued global solution to Pvi(k) is a rational Riccati solution. 

Proof. If a single- valued solution Q G A4 z (k) belongs to the non- Riccati locus Q G A4° z (k), 
then the Riemann-Hilbert correspondence ffTSj) sends Q to a smooth point x G S°(9). Since the 
single- valued solution Q is a simultaneous fixed point of the nonlinear monodromies 71*, 72*, 
73*, the corresponding point x must lie in Fix(9). Then Theorem 14.21 implies that x G Sing(#), 
which contradicts the fact that x G S°(9). Hence any single- valued solution is a Riccati solution. 
Since any Riccati solution is (essentially) the logarithmic derivative of a Gauss hypergeometric 
function, any single-valued Riccati solution must be a rational solution. □ 



All the rational solutions to Painleve VI are classified in [25]. We come back to our discussion 
downstairs and give a simple characterization of the sets Fbc,-^) and Per, (9;n). 

Lemma 4.4 Let x = (xi,X2,xs) G S(9) be any point and let n be any integer > 1. 

(1) x G Fixj(9) if and only if x is a root of equations 

f(x,9) = yj (x,9)=y k (x,9) = 0. (23) 

(2) x G Per j(9; n) if and only if there exists an integer < m < n coprime to n such that 

f(x, 9) = 0, Xi = 2 cos(vrm/n). (24) 

Proof. We put (x', 9') = gj(x, 9) and y' = y(x', 9'). Then formula (f!9l) yields 

y't = v%- XjVk, y'j = -yk, y' k = Vj - ^yu- (25) 

For each integer n G Z we write (x^ n \ 9^) = g™(x,9) and y^ = y(x^ n \9^). From formulas 
( TP91) and ( 1251) . we can easily obtain three recurrence relations 

yf^+x.yf^+yf = 0, (26) 

xf+ 2) -xf = yf +i \ (27) 

4" +1) = xf>. (28) 
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The characteristic equation of the recurrence relation (l26l) is the quadratic equation 

A 2 + Xi A + 1 = 0, (29) 

the roots of which are denoted by a and (3 = a -1 . Since af3 = 1, we may and shall assume 
that \a\ > 1 > |/3| > in the sequel. The discussion is divided into two cases. 

Case Xi G C — {±2}: In this case, the roots a and (3 are distinct and different from ±1 
and the recurrence relation ([26]) is settled as 



(«) = P n {<yyj + yk) - a n {(3yj + m) 

Vj a -(3 

Then it follows from (I2TI) and (I28I) that the sequences and x^ are determined as 

x (2n) = f2n+l) = p rfn + g p2n + ^ 

(30) 

x (2n + l) = x (2n) = p a 2n+l + g + ^ 

where the constants p, q, r\ and r 2 are given by 

a 2 ((3yj + Vk) p 2 (ay j + y k ) 



P 



(a-/3)(a 2 -l)' * (a-p)(P 2 -lY 

r\ = Xj — p — q, r 2 = x'j — ap — [3q. 

Notice that p = q = if and only if x satisfies equations (J23l) . Indeed, the condition p = q = 
is equivalent to ayj + yk = (3yj + yk = 0, which is equivalent to the condition yj — — 0, 
because the roots a and (3 are distinct. 

Now we assume that a; is a root of equations (T2"3l . Then flHUj) implies that the sequence x^ n ^ 
is periodic of period two, that is, x is a fixed point of g?. Next we assume that x is not a root 
of equations ( !23l) . If x is a periodic point of of prime period n > 1, then ( !30l) yields 

xf^-Xj = {a 2n -l)(p-q(3 2n ) = 0, 

Here it cannot happen that p — q(3 2n = pa — q(3 2n+l = 0. Indeed, otherwise, we have p = q(3 2n 
and q(l — j3 2 ) = 0. Since at least one of p and q is nonzero, we have f3 G {±1} and hence 
Xi G {±2}, which contradicts the assumption that G" {±2}. Therefore, a 2n = 1, that is, a 
is a primitive 2n-th root of unity. Note that n > 2 since a G" {±1}- Thus there is an integer 
< m < n comprime to n such that a = exp(nim/n) and so Xi = a + a^ 1 = 2 cos(7rm/n), 
which leads to condition (1241) . Conversely, if condition (124"1) is satisfied, then it is easy to see 
that x is a periodic point of g 2 of prime period n. 

Case Xi G {±2}: In this case we have Xi = —2e for some sign e G {±1} and hence 
equation fT251 has a double root a — (3 — e. Then the recurrence equation fT2"oT) is settled as 
y^ = e n {yj — n(?/j + eyk)}- If the sequence is periodic, then so is the sequence y^ n \ This 
is the case if and only if yj + eyk = 0. Conversely, if this condition is satisfied, then we have 
yj = e n yj. Substituting this equation into ( 1271) yields 

(2n) (2n+l) . 

x) = 4 = Xj+nyj, 

31 

(2n+l) (2n+2) , . 

x] ' = x y k = x'j + enj/j. 
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Hence the sequence is periodic if and only if yj — — 0, namely, if and only if a; is a root 
of (1231) . In this case a; is a fixed point of g?. □ 

In order to give the relation between the fixed points upstairs and those downstairs, we put 
Fix°(0) := Fix,-(0) - Sing(0), Fix°(0) := Fbtj-(0) - 8(6), Fix*(0) := Fix,^) n 8(6). 

For the periodic points of prime period n > 1, we define Per°(0; n), PeTj(6; n) and Per^; n) in 
a similar manner. Then there exist direct sum decompositions 

fkj(6) = Fix°(6) II FiXj(d), Perj(9;n) = Per°(6; n) II Per^(0; n), 

where the exceptional components FiXj(#) and Per^; n) parametrize the single- valued Riccati 
solutions and the n-branched Riccati solutions around the fixed singular point Zj respectively. 

Lemma 4.5 The minimal resolution { \loT\ induces an isomorphism 

uo : Fix°(0) -> Fix" (6). (32) 

For any n > 1 we have Per(0; n) flSing(0) = 0, that is, Per°(0; n) = Per j(6; n), and the minimal 
resolution induces an isomorphism 

up : Per°(0; n) -> Peij(6; n) (n > 1). (33) 

Proof. The isomorphism (I32p is trivial from the definition. The assertion Per(0; n)flSing(0) = 
follows from (1201) . Then the isomorphism (1331) is again trivial from the definition. □ 

The fixed point set and the periodic point set, upstairs or downstairs, will be investigated 
more closely in §|6l For this purpose it is convenient to consider the symmetric group S4 of 
degree 4 acting on K by permuting the entries K\, k 2 , k 3 , k 4 of k G /C and fixing k . Through 
the Riemann-Hilbert correspondence in the parameter level, rh : K, — > O, the action S4 rx K, 
induces an action of S3 ix Kl on B, where Kl is Klein's 4-group realized as the group of even 
triple signs, Kl = {e = (61,62,63) G {±1} 3 : 616263 = 1}, acting on 6 by the sign changes 
(01,62,63,94) 1 — ► (6161, 6262, 6363, 64) , while ^3 acts on 6 by permuting the entries 61, 62, 63 of 
6 G and fixing 64. This construction defines an isomorphism of groups 

S 4 = S 3 kK1, ai->(r,e), (34) 

with respect to which the map rh : /C — > becomes ^-equivariant. Viewed as a subgroup of 
S 4 , Klein's 4-group is the permutation group Kl = {1, (14)(23), (24)(31), (34) (12)}. 

Let a G £4 act on x = (x±,X2,X3) in the same manner as it does on (61,62,63). Then the 
polynomial f(x,6) is a-invariant and hence a induces an isomorphism of algebraic surfaces, 
o : S(6) — > 5(cr(0)). As for the action #J : 15(6*) O, we have the commutative diagram 

S(6) -^-> 5(0) 

(35) 

5(<r(0)) 5(a(0)), 

9 t(j) 
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'V ' 

j k 

Figure 9: W^D^-strata (A 3 )i and {Af 2 )i 

for any element a G S4 with r G S3 determined by ( 1341) . It induces isomorphisms 
a : Fixj(^) — > Fix T ^(a(9)), o : PeTj(9;n) — > Per T (j)(er(0); n), 

which, via the minimal resolution ( fT5l) . lift up to isomorphisms 

5= : FhCj (0) -> Fix T(j) (a(fl)), a : Per^n) -> Pe7 r(i) (cx(#); n). 

The action of the symmetric group S 4 on /C mentioned above is just induced from its action 
on the index set {0,1,2,3,4} fixing the element 0, namely, from the realization of S4 as the 
automorphism group of the Dynkin diagram D± . By taking the semi-direct product by the 
symmetric group S 4 or by Klein's 4-group Kl, we can enlarge the affine Weyl group W(D^) 
to the affine Weyl group of type or to the extended affine Weyl group of type D±\ 

W(F^ ] ) = S A x W(D { 1 ] ) D W(D { 1 ] ) = Kl ix W(D { 1 ] ). 



V 

y \ 



(Af 



Definition 4.6 Replacing the group W(DX>) with W(F^>) in Definition EH we can define 
a coarser stratification of JC than the W(D± ) -stratification, called the W (F^)-stratification. 
Moreover, replacing W(D^) with W(D\), we can also think of a stratification of K, intermediate 
between these two stratifications, called the W (D^)-stratiGcation. 

The following is the classification of the W(F^ )-stia.ta. and W(D^ ) -strata. 

Lemma 4.7 For each abstract Dynkin type * in Tabled there is a unique W(F^) -stratum of 
type *. As for the W(D^) -strata, we have the following classification (see also Figure^. 

(1) For * G {-D4, Af 4 , Af 3 , A 2 , A\, 0}, there is a unique W(D^)- stratum of abstract type * 
and this unique stratum is denoted by the same symbol *. 

(2) For* G {y43,Af 2 }, there are exactly three W(D^) -strata of abstract type *; 

(a) for * = A 3 , the stratum [A 3 )i represented by I = {0,j, k} with {i,j, k} = {1, 2, 3}; 

(b) for * = Af 2 , the stratum (Af 2 )i represented by I = {j, k} with {i,j, k} = {1, 2, 3}. 
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Figure 10: Adjacency relations among W/(Z^ ij )-strata (i = 1,2,3) 



If something about the transformation g| is discussed for a fixed index j, the relevant 
stratification is the W(D^) -stratification. Namely we may discuss the issue on each W{D±)- 
stratum, choosing any representative of each W(D^)-orbit, since in the commutative diagram 
(I35p we have t(J) = j and hence g^u) = 9] for every a G Kl (see also Remark 15. ip . For two 

W^-D^-strata, say * and **, we write * — > ** if the stratum ** lies on the boundary of the 
stratum *. All the possible adjacency relations * — > ** are depicted in Figure HUJ Note that 
there are no adjacency relations between (Af 2 )i and (^3)^ for any distinct i, j G {1,2,3}. 



5 Backlund Transformations 



In this section we briefly discuss Backlund transformations, especially the characterization of 
them in terms of Riemann-Hilbert correspondence [T5l fl6]. This topic is included here in order 
to confirm that our problem may be treated modulo Backlund transformations. 
For each a G S4 we define the isomorphism of affine cubic surfaces 

a : S{9) -> S(a(9)), (x 1 ,x 2 ,x 3 ) h-> (£ r (i)X r (i), e T ( 2 )aV(2), £ T (3)X T (3)), 



where a G S4 is identified with (r, e 
natural homomorphism W(F^ ) 



S3 x Kl via the isomorphism ( 1341) . Consider the 
^4, w 1— > a. Since the Riemann-Hilbert 



correspondence ( 1T21) is an analytic minimal resolution of singularities, for each w G W(F £ 
there exists an analytic isomorphism w : M. z (k) — > M. z {w(k)) such that the diagram 



RH Zjft 

S(0) 



M z {w{k)) 



RH 



z,tt;(re) 



(36) 



S{a{6)) 



is commutative, for any fixed k G /C with = rh(/c) G 0. 

The commutative diagram (1361) characterizes the Backlund transformations of Painleve VI. 
Namely the map w : Ai z (n) — > A / i 2 (w(/«)) turns out to be algebraic and there are suitable affine 
coordinates on Ai z (n) and M. z (w(k)) in terms of which the map w can be represented by the 
usual formula for Backlund transformations known as birational canonical transforamtions [27] 
(see [T5l 1T6] for the precise statement). In other words the Riemann-Hilbert correspondence is 
equivariant under the Backlund transformations and so is our main problem. 



Remark 5.1 The S^-factor of W(F^) = S 4 x W(D\ L> ) or more strictly the S 3 -factor of S A 
S3 x Kl permutes the three fixed singular points 0, 1 and 00, while they are fixed by W(D^) 
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Kl x W(D^). Hence we may consider our problem only around the origin z = and, upon 
restricting our attention to z = 0, we may discuss it modulo the Backlund action of W(D^). 

6 Fixed Points and Periodic Points 

We shall more closely investigate the fixed point set Fixj(#), or rather its subset Fix°(#) = 

' — " 

FiXj (9) of smooth fixed points, by solving the system of equations ([23]) • In view of (I2T]) the last 
two equations in (1231) are expressed as a linear system for the unknowns (xj, x k ), 



^iCC j I X^X — j ^ 
X{Xj ~\~ $ki 

If its determinant 4 — x\ is nonzero, then system (l37j) is uniquely settled as 



(37) 



_ 29 j — x-j9 k _ 29 k — Xj9j . . 

Xj — - 2 ) x k — 2 • \y°) 

A - xj 4 - xj 



Substituting (J3HD into equation f(x, 9) = yields a quartic equation for the unknown Xj, 

A ~ + (#4 - 4)x i 2 + (A6i - 9 J 9 k )x i + 9) + 9 2 k - A9 A = 0. (39) 

Conversely, if x, is a root of equation (|39|) with nonzero x\ — 4, then subsituting this into 
formula (1381) yields a root of system (123"]) . The four roots of quartic equation (!3"9"j) are given by 

F(bi,b A ,bj,b k ), F(6j, &7 1 ; bj, b k ), F(bj, b k ; b h 6 4 ), fe^ 1 ; &», 6 4 ), 

counted with multiplicities, where F(6j, 6 4 ; 6j, &&) is defined by 

F{b h b A - bj, b k ) = bih + br%\ (40) 

We pick up the root Xj = F{pi, 6 4 ; bj, b k ). Note that F(bi, 6 4 ; bj, b k ) 2 — 4 is nonzero precisely 
when bfb\ ^ 1. If this is the case, then substituting Xi = F(bi, 6 4 ; bj, b k ) into formula ( 1381) yields 
Xj = G(6j, 6 4 ; 5j, 6&) and x/- = G(bi, fe 4 ; 6^, 6-,), where G(bi, 6 4 ; 6j, is defined by 

r(h , , , ^ (&i + &4)fe- + &fc)(&A + 1 ) i (&» -Mfe -i) ^ 

G(0j, 4 ; fty, OfcJ = — — — . 1 oTzTT TyTu ■ ^ i 

2(6j6 4 + l)bjb k 2{bib A - l)bjb k 

Therefore, if P(bi, b A ; bj, b k ) denotes the point defined by 

Xi = F(bi,b A ;bj,b k ), Xj = G{bi,b A ;bj,b k ), x k = G(bi,b 4 ;b k ,bj), 

then x = P(bi, 6 4 ; bj, b k ) gives a root of system (1231) with nonzero x\ — 4 provided that frffr 2 7^ 1. 
If x is at this root, then y%{x, 9) admits the following nice factorization 

(bA ij ( £J , £fe ) 6 {±ip 

(ft^-ftrV)" 2 {i ? (6 i ,6 4 ;6 i ,6 fc )-i ;, (6i > 6r 1 ;6 i ,6 fc )} ( 42 ) 
{-P(6i, 6 4 ; 6j, 6fc) - &fc ; 6i, &4)} 
{if(6i, 6456^60 -^.fefc 1 ;^, MI- 
IS 



label 


fixed point 


existence 


smoothness condition 


1 


P(bi, b 4 ; bj, b k ) 


Kj + K4 ^ Z 


Kj $l Z, K4 ^ Z, Kj + K4 ± Kj ± Kfc ^ 2Z + 1 


2 


P(bi, bj 1 ; b j} b k ) 




Kj ^ Z, K 4 ^ Z, Kj — K 4 ± Kj ± K k ^ 2Z + 1 


3 


P(bj,b k ;bi,b 4 ) 


~t~ Kjfc 


Kj ^ Z, Kfc ^ Z, Kj + Kfc ± Kj ± K 4 ^ 2Z + 1 


4 


P{b 3 X k x -XM) 




Kj ^ Z, Kfc Z, Kj — Kjfc ± Kj ± K4 2Z + 1 



Table 3: Smooth fixed points 2 G Fix°(#) with nonzero xf — A 

Hence P{pi, 64; Oj, &&) is a smooth point of S(9) if and only if F{pi, 64; &j, &&) is a simple root of 
equation ( 1391) . In terms of k 6 /C, the existence and smoothness conditions for P{pi,bi,bj,b k ) 
are given by Kj + k 4 G" Z and Kj ^ Z, k 4 ^ Z, Kj + k 4 ± Kj ± k^ 2Z + 1, respectively. 

Lemma 6.1 The smooth fixed points x G Fix°(#) with nonzero x\ — 4 are precisely those points 
in Tabled which satisfy the existence and smoothness conditions mentioned there. 

The fixed points in Table [3] is closely related to the configuration of lines on the affine cubic 
surface S{9) or on its compactification S{9) by the standard embedding 

5(0) S{6) CP 3 , x = (a*, x 2 , x 3 ) ^[l:x 1 :x 2 : x 3 ], 

where the projective cubic surface S(9) is defined by the homogeneous equation 

F(X, 9) := X X X 2 X 3 + X (X 1 2 + X\ + X\) - X^{9 1 X 1 + fl 2 X 2 + 9 3 X 3 ) + 9 4 X* = 0. 

It is obtained from the affine surface S(9) by adding three lines at infinity 

Lj = {XGP 3 : X = X l = 0} (1 = 1,2,3), 

whose union L = Li U L 2 U L 3 is called the tritangent lines at infinity. 

It is well known that a smooth projective cubic surface has exactly 27 lines on it. We 
describe them in the current situation [20]. Let Lj(oj, 64; bj, b k ) be the line in P 3 defined by 

X = (0j6 4 + &rV)*o, ^ + (&i&4)** = Mh + 67 1 )} + 6 4 (6, + bJ^Xo. (43) 



1 


L+ = Lj(6j, 6 4 ; 6j, 6jb) 


= ^(^A^A) 


2 


= ^i(^i) ^4 ; &?> 


Lr 2 = Lj(6r 1 ,6 4 ;6 j ,6 fe ) 


3 


L+ = Lj(6 i ,6 fc ;6j,6 4 ) 


= L i(P] l ,K l i h iM) 


4 


= L i (b j ,b' l : 1 ; 6j,6 4 ) 


L~ 4 = Lj(feJ 1 ,6 fc ;6 i ,6 4 ) 



Table 4: Eight lines intersecting the line Lj at infinity, divided into four pairs 
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Figure 11: The 27 lines on a smooth cubic surface viewed from the tritangent lines at infinity 

For each i G {1, 2, 3} the eight lines in Table H] are the only lines on S(6) that intersect the i-th 
line Li at infinity, but they do not intersect the remaining two lines Lj and at infinity. These 
lines are divided into four pairs as in Table HI The surface S (6) is always smooth at infinity 
[20] and hence, if k G /C — Wall, then S(9) is smooth everywhere. In this case, the two lines in 
the same pair intersect, while two lines from different pairs do not. The intersection point of 
the i-th pair is exactly the i-th fixed point in Table El See Figure [TT] for a total image of these 
situations. Caution: for a pair of distinct indices i and j, the intersection relations between Lf^ 
and Lj u are not depicted in the Figure [TTJ We also remark that in some degenerate cases the 
lines L~[ and may meet in a point on the line Li at infinity. 

Next we consider the case where the determinant 4 — xf of system ( 1371) vanishes. In other 
words we ask when the fixed point set Fix.,(0) contains points x such that X{ G {±2}. 

Lemma 6.2 Fixj(8) contains a point x such that Xi = 28 with 5 G {±1} if and only if either 

(1) bib 4 = bib~l 1 = 5; or 

(2) bjb k = bjb k l = 5; or 

(3) 6j6| 4 = bjb e k k = 5 for some double sign (ek,£i) G {±1} 2 . 

If this is the case, then 9k = S8j and all such poins x are exactly those points on the line 

t]:={xi = 25, Xj + 5x k = 9j/2 }. (44) 
In particular I 5 , C Fixj(0) precisely when Xi = 25 is a multiple root of the quartic equation < \39t\ . 
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Xi e |±2| 


multiplicity 


component 


remark 


no 


simple 


smooth noint 


intersection noint of 

xxx kj vi uvjV^ \j ivii v_y xxx u v^/ x J—J ^ 


no 


multinle 


singular noint 


Riccati locus 


ves 


multiple 


line £^ or £~ 


line contains singular points 


ves 


simple 


empty 


intersects at infinity 



Table 5: The roots of quartic equation fl39|) and the components of Fixj(#) 

Proof. If Xi = 25 with 5 G {±1} then system (13T1) is linearly dependent, so that 9 k — 89 j = 0. 
However, since 9 k — 59 j = (&i&j) -1 (W>4 — 5)(bib± — 5){bjb k — 5){bjb k ~ 1 — 5), we have either 
bib? = 5 for some sign e 4 G {±1} or bjb £ k k = 5 for some sign e k G {±1}- Taking the equation 
Xj + 5xk = 9j/2 into account, we observe that f(x, 9) factors as 



f(x,9) 



-(2b i b j y 2 (b i b^ - SYibjh - 5) 2 {b j b k 1 - 5) 2 (if kb? = 5), 
-(2&^)- 2 (&A- fc - S) 2 (bM - S)\bib? - 5) 2 (if bft" = 5). 



If bib? = 5 then equation f(x,9) = yields either bib^ £4 = 5 or = 5 for some sign 

£fc G {±1}; the former case falls into case (1) while the latter falls into case (3). In a similar 
manner the other case bjb £ k = 5 falls into case (2) or case (3). 

Next, if FiXj(0) contains the line £p then what we have just proved implies that 

F(bi,b4,bj,bk) = F{bi,b^ ;bj,bk) = 26 if condition (1) is satisfied; 
F(bj,bk',bi,b4) = F(bj, b k l ] bi, 64) = 25 if condition (2) is satisfied; 
F(bi,b £ 4 4 ;bj,bk) = F(bj,b £ k k ;bi,b4) = 25 if condition (3) is satisfied. 

Hence Xi = 25 is a multiple root of the quartic equation (1391) . Conversely, if Xi = 25 is a 
multiple root of (I3TJ1) . then we can trace the argument backwards to conclude that the system 
( j2Bj) admits the line solution £j, that is, Fixj(9) contains □ 

Summarizing the arguments so far yields a classification of the irreducible components of 
the algebraic set Fixj(9) in terms of certain roots of quartic equation 



Theorem 6.3 Any irreducible component ofFixj(9) is just a single point or a single affine line; 
the former is called a point component and the latter is called a line component respectively. The 
irreducible components ofFixj(9) are in one-to-one correspondence with those roots of quartic 
equation (jffflp which are not a simple root x = (xi,X2,x^) such that G {±2}. 

(1) A simple root with Xi G" {±2} corresponds to a point component that is a smooth point of 
the surface S(9) and is given in Tabled 

(2) A multiple root with Xi G" {±2} corresponds to a point component that is a singular point 
of the surface S (9) and is associated with Riccati solutions. 

(3) A multiple root with Xi G {±2} corresponds to a line component; either tf or if . 
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(4) A simple root with X{ G {±2} corresponds to no component ofFixj{9). 
A summary of Theorem 16.31 is given in Table Eland the following remark may be helpful. 

Remark 6.4 The assertions (3) and (4) of Theorem 16.31 may be well understood through the 
degeneration of line configration on the projective surface S(8) as the parameter 9 = rh(/«) 
tends to a special position. For a generic value of 9 the lines Lf^ intersect in a single (smooth) 
point on the affine part S(9) of S(9). If the parameter 9 tends to a special position so that 
a corresponding root Xi of quartic equation ( |39l) approaches {±2}, then the two line Lf^ are 
getting "parallel" and eventually either coincide completely or meet in a point at infinity. The 
former case falls into assertion (3) and the latter case falls into assertion (4) respectively. 

Let us investigate more closely the case where Fixj(9) contains line components. 
Lemma 6.5 Let 9 = rh(«) with k G K and (i,j, k) be any cyclic permutation of (1, 2, 3). 

(1) Fixj(9) contains either tf or £j but not both of them if and only if k lies in a W(D^)- 
stratum appearing in the following adjacency diagram (see also Figure f70j) : 

«), > Af 

(45) 

(A 3 ) t ► D 4 

(2) Fixj(9) contains both tf and If if and only if 9 = (0,0,0, —4), that is, precisely when k 
is in the W (D I ) -stratum of type Af 4 . In this case one has Fixj(0) = tf II if . 

Proof. Lemma l6~2l implies that Fix,-(0) contains at least one of tf and if if and only if either (a) 
hb 4 = hbl 1 G {±1}; or (b) b,b k = bjb^ 1 G {±1}; or (c) b^ = bjb £ k k G {±1} for some double 
sign (efc, £4) G {±1} 2 - This property is invariant under the action of W{D±) = Kl tx W(D^) 
on K. Using this action we can reduce conditions (a) and (c) to condition (b). First, observe 
that the permutation (i,j){kA) G Kl induces the map (bo,bi,bj,bk,b4) t— > (bo,bj,bi, —64, —bk), 
which reduces condition (a) to condition (b). Next, formula (1131) implies that the reflection Wi 
induces the multiplicative transformation : B — > B , b 1— > b' , where 



-b 3 bT (< = 4,j = 0), 
bjbt 3 (otherwise). 



Applying w 4 or if necessary, we may assume from the beginning that £4 = 1 and = — 1 
in condition (c). Then using u> there yields b^b^ = bjb^ 1 G {±1}- But since b^bib^bjbjz = 1, 
we have bjbk = bjb^ 1 G {±1}, that is, condition (b). Note that condition (b) means Kj, Kk G Z. 
On the other hand, the extended affine Weyl group W(D^) contains shifts 

(Kq, Ki, Kj, Kf., K4J 1 ► (kq, &i — 1) Kj + 1, Kfc, K4J, 

{ \ < j_ 1 n ( 46 ) 

[Kq, K,i, K,j, Kk, H4) 1 > [Kq, Ki, Kj, K-k -\- i, L). 

Repeated applications of these operations and their inverses can shift Kj and k^ independently 
by arbitrary integers. Thus the condition Kj, k^ G Z can further be reduced to Kj = k^ = 0. 
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Thus we have shown that if Fix j(0) contains at least one of tf and Ej , then k must lie in 

the W(D^)-stratum of type (Af 2 )i or on its boundary strata of types (A 3 ) i: Af 3 , D 4 , Af 4 . 
Moreover, it is easy to see that the converse is also true. 

For a sign 6 G {±1} the conditions (1), (2), (3) in LemmaE2]are denoted by {I s ), {2 s ), (3 s ), 
respectively. Now we assume that Fixj(6) contains both and ij. Then there exists a pair 
of conditions, one from {(1 + ), (2 + ), (3 + )} and the other from {(l - ), (2~), (3 - )}, that are valid 
at the same time. Such a pair can be consistent only if it is either + (2 - ); or (2 + ) + (1~); 
or (3 + ) + (3 _ ) where if the sign for (3 + ) is (ejt, £4) then the sign for (3~) must be its antipode 
(— £fc, —£4). The first and second pairs lead to b\ = b\ = b\ = b\ = 1 and to 6162&3&4 = — 1, 
while the third pair yields b\ = b\ = b\ = b\ = —\. These are nothing but the conditions (a) 
and (b) in Example 13.41 (1). Therefore k must lie in the stratum of type Af 4 . Combining this 
with the discussion in the last paragraph establishes the assertion (1), as well as a large part 
of the assertion (2). The only thing yet to be proved is the assertion that if Fixj(6) contains 
both tf and Ej, then Fixj(8) = E^TLiJ. For this, the last part of Lemma 16^21 implies that both 
Xi = 2 and Xi = —2 are multiple roots of the quartic equation ( 1391) . so that there are no other 
roots of the equation fl39l) . Thus Fixj(6) has no elements other than those in El~ II Ej. □ 

Now we turn our attention to periodic points and investigate the set Per-(0;n) of periodic 
points of prime period n > 1 on the non-Riccati locus. 

Lemma 6.6 For any integer n > 1 the set Per ■(#; n) is biholomorphic to the disjoint union of 
<p(n) copies of C x , where <f(n) denotes the number of integers < m < n coprime to n. 

Proof. By Lemma 1431 we can identify Per •(#; n) with Perj(0; n) and hence may work downstairs. 
For any integer < m < n coprime to n, we consider the projective curve C m in P 3 defined by 

{4cos 2 (vrm/n) - 26 i cos(vrm/n) + 6> 4 }X 2 - X (9jXj + 9 k X k ) 

+X 2 + X 2 + 2 cos(vrm/n)X j X fc = 0, (47) 

Xi - 2 cos(vrm/n)X = 0, (48) 

where (l4"7j) is obtained from F(X, 6) = by substituting (j4"8l) and factoring X out of it. It 
follows from —2 < 2 cos^m/n) < 2 that C m is an irreducible smooth conic curve. By equations 
( I24p of Lemma T4.4I the closure Per_j(^; n) of Perj(^; n) in S(8) is the union of these <p(n) curves 
C m . The curve C m intersects the lines L = Li U Lj U L k at infinity in the two points 

P± : [X : Xi : Xj : X k ] = [0 : : -1 : exp{±nV^lm/n)] G L { . 

If C m := C m — {P^, P m }, then C m is biholomorphic to C x , since C m = P 1 . So Per^; n) is the 
disjoint union of the tp(n) curves C m with < m < n, (m, n) = 1, and hence biholomorphic to 
the disjoint union of <^(n) copies of C x . □ 

7 Case-by-Case Study 

We make case-by-case studies of Fixj(8) and Per j(9;n) according to the adjacency diagram in 
Figure HUJ Now we need to introduce some notation. Recall that we have the resolution of 
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singularities ( fl~5l) which restricts to an isomorphism <p : S°(6) — > S° (6) and that the smooth 
fixed points Fix°(0) in S°(6) are listed in Table El For each P G Fix°(0) let P G Fbc°(0) 
denote its lift through the isomorphism (p. For example, P(bi, fe 4 ; bj, b k ) denotes the lift of 
P(bi, 6 4 ; bj, bk). If {• ■ • } is a set of expressions P(bi, 6 4 bj, b k ), P(bj, b k ; h, 64), then we denote 
by {{•••}} its subset obtained by discarding those expressions which do not satisfy either the 
existence condition or the smoothness condition of Table El An example is given in ( )4*9|) below. 

Example 7.1 (0) Consider the W^-D^ 1 "^-stratum of type 0, namely, the big open /C — Wall. 
FiXiW = {{ P{h, 6 4 ; bj, b k ), P{b h bl 1 ; bj, b k ), P(bj, b k ; b u 6 4 ), P(bj, b~ k l ; b t , b 4 ) }}. (49) 

Here we have only to care the existence condition, as we are in the big open where the smooth- 
ness condition is fulfilled by hypothesis. If a finer stratification of K, attached to the W(F±)- 
action on /C is introduced, then a more precise description of (H9l) is feasible, detecting how 
many and which elements are there in (T4"9l . but the details are omitted. We only remark that 
Fixj (8) consists of four distinct points in the most generic case where none of K{ ± k 4 and Kj ± n k 
are integers. As for the periodic points, since there is no Riccati locus, we have 

Perj(0;n) = Per°(#;ri), Per*(0;n) = 0, (n > 1). 

Example 7.2 (Ai) Consider the W^-D^-stratum of type A%. We may assume that k,q = so 
that bo = 1 and bjbjb k b 4 = 1. Note that none of b 2 , b 2 , b\, b\ equals 1. We claim that b 2 bl 7^ 1. 
Otherwise, we would have Kj + n k G Z. Applying a shift as in (|46l) to k repeatedly, we may 
assume that Kj + n k = while keeping the condition k = 0. Then the transformation WoWj 
sends k to n f with k'- = and n' k = Kj + K k = 0, so that one has k G /C{j.fc}, namely, k lies in 
the closure of the stratum of type (Af 2 )j. This contradicts the assumption that we are in the 
stratum of type A\. In this case, the surface S{6) has a unique singular point of type A\ at 

(xi, Xj,x k ) = (bib A + b~ l b~[ l , bjb± + 6 fc 6 4 + ^J 1 ). 

Blow up at this point to obtain a minimal resolution ( Ti~5l) . Write the blowing-up as 

(xj, = {uiUj + 6^64 + Uj + 6jfe 4 + ^7^4 1; UkU i + &fc&4 + K 1 ^ 1 ) 

in terms of coordinates (ui,Uj,u k ). The exceptional set e is the irreducible quadratic curve 

Uj = bibjbk + (1 + b\b 2 j)b k Ui + (1 + b 2 k b 2 )biU k + bibjb k (u 2 + m^) + (1 + b 2 b 2 k )bjUiU k = 0, 
which can be paramatrized as = and 

mm - i ) 3t 

11 ■ = 

- m - 1) + m h i - mm - w - + ^mm - w 
- 1)(& 2 - 1) - ^gg - i)t}{& fc (^ - i)(i - g) + bmm - 

6,{6 fe (6 2 - l){b 2 j - 1) + 6,(fo|6 2 fc - l)t}{(6 2 - l)(b 2 - 1) + W 2 (6 2 6 2 - l)t} ' 

In terms of this parametrization, the lifted transformation g 2 acts on the exceptional curve 
e ~ P 1 by the multiplication t 1— > & 2 &p. Since 6 2 6^ 7^ 1, the set Fix^) consists of the two 
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Figure 12: Surface of types Ai (left) and A 2 (right) 
points, say p and q, corresponding to t — and t — oo (see Figure [IH left). On the other hand, 

o 

the possible candidates for the smooth fixed points Fix^ (#) are only the points of labels 2 and 
4 in Table El since those of labels 1 and 3 do not satisfy the smoothness condition. Thus, 

Fix,(0) = {{P(6 l; bl\ bj, b k ), P(bj, bl\ b t , 6 4 )}} II {p, q}. (50) 
As for the Riccati periodic points Per ■(#; n), the discussion above implies that for any n > 1, 

1 (if bjbk is a primitive 2n-th root of unity), 



Per A9; n) 



(otherwise). 



Example 7.3 (A 2 ) Consider the W(D^ )-stratum of type A 2 . We may assume that k,q 
K{ = so that 60 = bi = 1. Then the surface S(6) has a unique singular point of type A 2 at 

(xi, Xj, x k ) = (64 + 64 \ bjb 4 + bj 1 ^ 1 , b k b± + b^b^ 1 ). 

Blow up S(9) at this point to obtain a minimal resolution (115p . Write the blowing-up as 

(x^ Xj, x fc ) = (-Uj-Uj + 64 + 64 1 , iij + 6j6 4 + b~ l b^ 1 , u k Uj + 6 fc 6 4 + fr;! 1 ^ 1 ) 

in terms of coordinates (ui,Uj,Uk)- The exceptional set e is the union of two lines 



frfcWi + u k + bjb k = 0, 



Uj = b k 1 u i + u k + b- 1 b k 1 = 0, 



intersecting in a point. These lines are parametrized as 



{Ui,Uj,U k ) 



(u i} Uj,U k ) 



W-bD + m-iy ' bj(i - bi) + mi - 1)8 



bpl - 1 



m - 1 



bj(i - bi) + m\ - i)t 



, 0, 



h(i - b]) + bj\\i - bpl) t 

b^-bD + m-^t 



with the intersection point corresponding to s = t = 0. In terms of these parametrizations, the 
lifted transformation g 2 acts on e + and e~ by the multiplications s 1— > b~ 2 b k 2 s and i 1— > 6^ 6ft, 
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which are rewritten as s ^ 6|s and t i— > & 4 2 t, since bjb k b 4 = 1. Note that 64 7^ 1, for otherwise 
k would be in the closure of the PF^-D^-stratum of type (A 3 )i. So gj has exactly two fixed 
points p and p + on e + corresponding to s = and s = 00. Similarly has exactly two fixed 
points p and p_ on e~ corresponding to t = and t = 00, where p is the intersection point of 
e + and e~ (see Figure fT2l right). Thus we have Fix-(0) = {po,p + ,p-}. Next we consider the 

smooth fixed point of g? on S(8). Since we are assuming that Ki = Kj + K k + k 4 = 1, the points 
of labels 1, 2, 3 in Table [3] do not satisfy the smoothness condition and that of label 4 is the 
only smooth fixed point. Thus Fix-(0) = {P(bj, b^ 1 ; b u 64)} and hence 

FTx^) = {P^A- 1 ;^), Po, p+, P-}- (51) 
In the remaining cases presented below, Fixj(9) contains at least one line component. 

Example 7.4 (A® 2 ) First we consider Fixj(9) and Per -(0) on the W(D^)-stied,VLm of type 
(Af 2 )i. We may assume that Kj = n k = so that bj = b k = 1. Since our stratum is not of type 
(A 3 )i nor of type _D 4 , we have (6j6 4 — 1) (^64 1 — 1) 7^ or equivalently 6, + fe^ 1 7^ 64 + In this 
case Fix j(6) contains the line £t but does not the line l~ and the surface Siff) has two singular 
points of type A 1 at (xj, Xj,x k ) = (2, fej + fr^ 1 , 64 + fe 4 : ) and (xj, Xj,x k ) = (2, 64 + 6j + fr^ 1 ). 
We denote the former singularity by qi and the latter by g 4 respectively; both singularities lie on 
the line tj. Blow up S{9) at these points to obtain a minimal resolution as in (TT5"]) . Let be 
the strict transform of £t ; and let and e 4 be the exceptional curves over tfc and g 4 respectively. 

Moreover let pi be the intersection point of tj and e^. Similarly let p 4 be the intersection point 
of and e 4 (see Figure [T3])- Then the blowing-up at the point g € is represented as 

(x i; Xj, x k ) = (uiUj + 2, Uj + k + b^ 1 , u k Uj + b 4 + b^ 1 ) 

in terms of coordinates (ui, Uj, u k ) around (0, 0, 0). The strict transform tj and the exceptional 
curve 6j are given by Uj = u k + 1 = and 



Uj = (6i6 4 )(w- + Mfc) + (£>• + l)6 4 (MiMfc) + 6j(6 4 + + 2(bib 4 )u k + (6j6 4 



0. 



The exceptional curve e, admits a parametrization 
(bM-l)^ 1 -!) 



Uj 



(t + bi)(bit + r 



U : 



0. 



u k 



bi(t + b 4 )(ht+l) 
'hit + b^lbit + iy 



(52) 
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where the intersection point pi has coordinates (ui,Uj,Uk) = (0,0,-1), which corresponds to 
t — oo. The lifted transformation g 2 acts on as a Mobius transformation fixing pi. Some 
computations show that in terms of the variable t this transformation is just the shift 



and hence a parabolic transformation. Thus g 2 has no periodic points on other than the 
fixed point pi. By symmetry, g 2 also acts on e 4 as a parabolic Mobius transformation fixing p 4 

only. Summarizing the arguments, we conclude that on the W^-D^ 1 "^-stratum of type (Af 2 ^ 



it- 



Fixj(9) = I] II { P{bi, b 4 ; bj, b k ), P(k, bf; bj, b k ) }, Per^fl; n) = (n > 1). (53) 

Next we consider Fix^^) on the ^(-D^ 1 "^-stratum of type (Af 2 )i. Some calculations show 
that there are parametrizations of and e 4 such that g 2 acts on and e 4 as the multiplications 
t I— > 5 4 t and t i— > respectively. (Modify (1321 to get such parametrization.) Since b\ ^ 1 and 
&f 7^ 1, the transformation g 4 2 has exactly two fixed points, say pa and qa, on e^, and exactly 

o 

two fixed points, say p i4 and g i4 , on e 4 . There are no smooth fixed points Fbq (#), because the 
smoothness condition of Table [3] with k) replaced by (k,i,j) is not satisfied for any labels 
there. Thus we have Fix^) = FiXj(#) = {pa, qa, p i4 , g i4 } and Fbq (9) = 0. By symmetry 
there is a similar characterization of Fix k (9). By permuting the indices (i, j, k), we have 

FbCj{9) = Fh*(9) = {four points}, Fix°(0) = 0, (54) 

on the ^(.D^-strata of types (Af 2 )j and (Af 2 ) k . A slightly further consideration yields 

Cj II e 4 (if bj and 6 4 are primitive 2n-th roots of unity), 



- — e 

Per A9] n) 



ej (if 6 4 is a primitive 2n-th root of unity, but bj is not), 

e 4 (if bj is a primitive 2n-th root of unity, but 6 4 is not), 

(otherwise). 



on the stratum (Af 2 )j and a similar characterization of it on the stratum (Af 



•2\ 



Ik- 



Example 7.5 (A 3 ) First we consider Fix.,-^) and Per^^) on the W(D\ )-stratum of type 
(A 3 )i. We may assume that k — Kj — K k — and Ki + k 4 = 1 so that 6j — b k — l and 6j6 4 = 1. 
But we have 1 £ {±1}, since our stratum is not of type _D 4 . In this case Fixj(^) contains 
the line £■ but does not the line £j. The surface S(9) has only one singular point of type A 3 
at (xi,Xj,Xk) = (2, 6 4 + fej , 64 + b^ 1 ), which lies on the line £+. Blow up the singular point. 
This blowing-up is expressed as (xi, Xj, x k ) = [uiUj + 2, Uj + 64 + b± , u k Uj + 64 + 6J 1 ) in terms 
of coordinates (ui, u^) around (0, 0, 0). The strict transform of the surface S(9) is given by 

Uj = b A UiUjU k + b 4 u 2 + +b 4 u 2 k + (64 + V)UiU k + (b\ + l)ui + 2b 4 u k + b 4 = 0, 

which has yet one singular point, say q. The exceptional curve consists of two line components 
Uj = Ui+b^Uk+b^ = and Uj = b 4 Ui+u k +l = 0, whose intersection point (««, Uj, u k ) = (0, 0, — 1) 
is exactly the singular point q. The strict transform of is now given by u.i = u k + l = 0, which 
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Figure 14: Surface of type (A 3 )i 

also passes through q. Blow up again the singular point q. Let eo be the exceptional curve and 
let ej, efc, be the strict transforms of the lines Uj = Ui + b$u k + 64 = 0, Uj = b 4 Ui + u k + 1 = 0, 
Ui = Uk + 1 = respectively. If we express this blowing-up as {ui,Uj,u k ) = {y>i,ViVj,ViV k — 1), 
then the exceptional curve e is given by v $ = 64 — 64^ + (64 + l)t> & + 64^ = 0; ej is given by 
Vj — 1 + &4i>fc = 0; and e^ is given by = 64 + v*. = 0. The intersection point of eo and ej is 
(t>i, fj, Vk) = (0, 0, — bi) and that of eo and e k is (?;£, t>j, Vk) = (0, 0, —64). If ej is parametrized as 
(vi, Vj, Vk) = ((t + bi)" 1 , 0, —bi), then the transformation p| acts on e^ as the shift £ 1— »■ t + b^ — bi. 
Similarly, if e k is parametrized as (vi,Vj,v k ) = ((£ + hi) -1 , 0, — 64), then g 2 acts on e k as the 
shift i 1— > t + 64 — 6j. Hence ^| acts on e^ and e^ as parabolic Mobius transformations fixing 
only pj and qj. Then acts on eo as the identity, because it also fixes the intersection point 
Po of eo and tj . Summarizing the arguments we see that on the stratum of type {A 3 )i, 

Fix J (6)=7+Ue U{P(b l ,b4 1 ;bj,b k )}, P^(0;n) = (n>l), (55) 

po 

where if U e indicates that the curves if and e meet in the point p . 

Po 

Next we consider Fixj(#) and Per^ [9; n) on the W^-D^-stratum of type (As)i. If we take a 
parametrization of eo such that t — and t = 00 correspond to the points Pj and p k respectively, 
then a simple check shows that the transformation gf on ej is expressed as t t— > b~[ 2 t. There 
is a parametrization of ej such that t — corresponds to pj and g 2 is given by t 1— > fr^t. Since 
64 7^ 1, the transformation g 2 has exactly two fixed points on ej, one of which is just pj and the 
other is denoted by pij. Similarly, there is a parametrization of e k such that t — corresponds 
to and g 2 is given by t 1 — > 64 2 t, and hence g 2 has exactly two fixed points on e k , one of 

o 

which is just p k and the other is denoted by p^. There are no smooth fixed points Fix^fl), 
because the smoothness condition of Table [3] with (i,j,k) replaced by (k,i,j) is not satisfied 
for any labels there. So we have Fixj(0) = Fhc i (9) = {pj, p^, p k , p ik } and Fix^ (9) = on the 
W{D^ )-stratum of type (A 3 )i- By symmetry there is a similar characterization of Fix k (9) on 
the same stratum. By permuting the indices k), we have 

FiXj(9) = Fix*(0) = {four points}, Fix°(0) = 0, (56) 
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on the W-^-D^-strata of types (A 3 )j and (A 3 ) k . A slightly further consideration yields 



Per^(6>; n) = { .'" Pk " v 



e k U eo U Ci (if 64 is a primitive 2n-th root of unity), 
(otherwise), 



on the stratum (^3)-,- and a similar characterization of it on the stratum (A 



3)k- 

Example 7.6 (Af 3 ) Consider the W^D^-stratum of type Af 3 . We may assume that Kj = 
Kj — K k — so that foj = bj = bf. — 1. But we have 64 ^ {±1} since our stratum is not of 
type -D4 nor of type Af 4 . In this case the surface S(9) has three singular points of type A\ at 
) = (6 4 +&r\ 2, 2), (2, 64 + &I 1 , 2), (2, 2, 64 + &4" 1 ), which are called q i} qj, q k respectively. 
Note that the two points qj and q k lie on the line but qi does not lie on the union £t II £j. 
The minimal resolution (|15|) is obtained by blowing up these three points (see Figure [To]) . First, 
consider the blowing-up at q k and represent it by (xj, Xj, x k ) = (uiUj + 2, Uj + 2, u k Uj + 64 + &J 1 ). 
Then the strict transform tj of the line tj is given by Uj = u k + 1 = 0, while the exceptional 

curve e k is given by b^Ui + u k + l) 2 + (64 — l) 2 Ui = 0. The curves £f and e k intersect in the 
point (v-i, Uj, u k ) = (0, 0, —1); this point is called p k . If we parametrize the curve e k as 

where t = 00 corresponds to the point p k , then the lifted transformation g 2 induces the shift 
1 1— ► t + 1 and hence acts on e& as a parabolic Mobius transformation fixing p k only. In a similar 
manner W acts on the exceptional curve Cj over as a parabolic Mobius transformation fixing 

only the intersection point pj of tj and e^. Next we consider the blowing-up at qi and represent 
it by (xj, Xj,x k ) = (uiUj + 64 + b^ x ,Uj + 2, w^w,,- + 2). Then the exceptional curve is given by 
b±{ui + u k + l) 2 + (64 — l) 2 Mfc = 0, which can be parametrized as 

(b4 + l?t bAt-lf . ml . 
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Figure 16: Surface of type D4 



In terms of this parametrization, the transformation 7jj restricts to the map t i-» b\t on the 
exceptional curve e^. Let r and be the points on corresponding to t — and t = 00 respec- 
tively. Since b\ ^ 1, the map g| acts on as a Mobius transformation with exactly two fixed 

points r and r M . Hence the set Fixj(9) contains the line component if and the Riccati compo- 
nent {ro,roo}, but has no smooth-point component, since F(bi,b^;bj,bk) = F(bi, b^ 1 ; bj, bk) = 
&4 + 64 1 ^ {±2} is a double root of the quartic equation ( 1391) (see Theorem 16.31) . Thus we have 



Fix J (^)=£+n{r ,r oo }. 
As for the Riccati periodic points, since 7fi acts on e, as t 1— > we have for any n > 0, 



(57) 



Per (6 1 ; n) 



(if 64 is a primitive 2n-th root of unity), 
(otherwise). 



Example 7.7 (-D4) Consider the W(D\ )-stratum of type -D4, say, the W(D\ )-stratum with 
value 6 = (8,8,8,28). In this case the surface S(9) has only one singular point of type _D 4 at 
(xj, Xj, %k) = (2, 2, 2). The minimal resolution (115]) is obtained by successive blowing-ups: Blow 
up the singular point. If we express the blowing-up as (x iy Xj, Xk) = {u(u,j + 2, Uj + 2, u k Uj + 2) 
in terms of coordinates (ui, Uj, Uf.), then the strict transform of the surface S(9) is represented 
as UiUjUk + {ui + Uk + l) 2 = 0. The exceptional curve e is given by Uj = Ui + Uk + 1 = 0. The 
strict transforms of if and if are given by Ui + 1 = Uk = and Ui = Uk + 1 = 0, while the strict 
transform of if is at infinity and not expressible in terms of the coordinates (ui,Uj,Uk). The 
blow-up surface has three singularities, all of which are of type A\ and located at the points 
in which the exceptional curve e intersects the strict transforms of if, if, if. The lifts of the 
transformations gf, g?, g\ fix the curve e pointwise, since they fix the three singular points on 
it. Again blow up these points. Then we obtain a minimal resolution ( fT5l) of the surface S(6) 
as depicted in Figure [TBI where ej, e,, Ck are the exceptional curves over the singular points and 
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Figure 17: Surface of type Af 



eo, ^ , £j, £ k are the strict transforms of e, ££, respectively. Being the strict transform 

of e, the exceptional curve eo is fixed pointwise by the lifts gf, g? g\ of gf, g?, g\, and hence 
carries rational solutions. Moreover the lift g 2 fixes Cj pointwise. This can be seen without 

computation. Since g?j is area-preserving and fixes pointwise, it has derivative 1 at pj along 
the curve Cj. So the Mobius transformation on Cj induced by eft is either identity or a map 
of parabolic type. But the latter is impossible because it has at least two fixed points at pj 
and qj (see Figure fT6l) . Hence acts on e, as the identity. Next we shall observe that g? 
acts on e, as a parabolic Mobius transformation fixing only. If we express the blowing-up 
at (ui,Uj,Uk) = (—1,0,0) as (ui,Uj,Uk) = (v{V k — l,VjVk,Vk), then the exceptional curve e, is 
given by v k = Vj — (vi + l) 2 = 0. Parametrize 6, as (vi,Vj,Vk) = (—(t + l)/t,t~ 2 ,0), where 
qi corresponds to t — oo. Then acts on e^ by the shift t \— > t + 1. Similarly g 2 acts on e k 
as a parabolic transformation fixing q k only. By symmetry, <j? and g 2 act on as parabolic 
transformations fixing qj only. Notice that the exceptional curve eo carries rational Riccati 
solutions, while ej — {qj} carries Riccati solutions of infinte period. Thus we have 

FbeJO) = £+Ue i Ue , Per*(0;n) = (n>l). (58) 



Example 7.8 (Af 4 ) Consider the W(D^) -stratum of type Af 4 , where 9 = (0,0,0, -4) and 
Fixj(d) — £^U£J. In this case the surface S(9) has four singularities of type A\ at (xi, Xj, x k ) = 
(2£j, 2£j, 2efc) G {±2} 3 with EiEjE k = — 1. Blow up at these points to obtain a minimal resolution 
as in (IT5|) . Let e £ ' £j£fc be the exceptional line over {xi,Xj,x k ) = (2Si,2Ej,2Ek) and be the 
strict transform of £ £ -\ Moreover let p £t6 i £k denote the intersection point of the lines e £i£j£k 

and £ £l (see Figure [T71) . Then the lifted transformation g 2 : S(6) Q acts on the exceptional 
line e £t£j£k = P 1 as a Mobius transformation. It is a parabolic transformation with the only 
fixed point p eiE i e k, Let us check this for (e^, e^-, e^) = (—1,-1,-1). The blowing-up of C 3 at 
(xi, Xj, Xk) = (—2, —2, —2) is described by x-i = UiUj — 2, Xj = Uj — 2, x k = UjU k — 2, in terms 
of coordinates (ui, Uj, u k ) around (0, 0, 0). Then the exceptional line e is represented by the 
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equations Uj = and (ui — uu) 2 — 2(ui + Uk) + 1 = and hence it is parametrized as 




where the fixed point p corresponds to t — oo. Then we can check that g 2 acts on the line 
e as the translation t i— > t+4, as desired. Thus the only fixed points of on the exceptional 
set S(8) are the four points p 6i£ i Sk with SiSjEk = —1 and there are no periodic points, so that 

FbCj(B) = ^IIJt, Per°(0;n) = (n > 1). (59) 



8 Power Geometry 

We apply the method of power geometry [5], El [7] to construct as many algebraic branch solutions 
to Pvi(k) as possible around each fixed singular point. Basically we can follow the arguments 
of [7j. However, while the attention of [7] is restricted to generic parameters, we require a 
thorough treatment of all parameters, where much ampler varieties of patterns are present. 
Moreover, the way in [7j of representing the parameters of Painleve VI is not convenient for our 
purpose. So we have to redevelop the necessary arguments on power geometry from scratch. 

In view of Remark 15.11 it is sufficient to work around the origin z = 0. In order to apply 
the method in [HI El E], we reduce the system (JTJ) into a single second-order equation. If 
(?>p) — (<l( z )iP( z )) is a solution to system (PQ) such that q ^ 0, 1, z, oo, then we solve the first 
equation of system ([T]) with respect to p = p(z) to obtain 

_ z(z - l)q' + K x q x q z + (k 2 - l)q q 1 + K 3 q q z 
2<?o<?i<? 2 

Substituting this into the second equation yields the single second-order equation 
dz 1 2 \q q x q z J \dz J \z z-l q z J \dz ) 

(61) 

_miq^_ f 2 _ 2 z-l z{z-l) \ 

+ 2z\z-lfY A Kl ql +K * q\ + U M /" 

Multiply equation flBT]) by 2z 2 (z — l) 2 go9i9z an d move its right-hand side to the left to obtain 

P(z,q) = 0, (62) 

where P(z, q) is a polynomial of (z, q, q', q"), that is, a differential sum of (z, q), whose explicit 
formula is omitted here but can be found in [7j. Therefore system §T§ is equivalent to equation 
(E2J) together with (IBTil) except for the possible solutions such that q = 0, 1, 2, oo. A simple 
check shows that the Newton polygon of equation (!62l) is given as in Figure UHl where there are 
four patterns according as the parameters K\ and are zero or not. 

First we search for a holomorphic solution germ q = q(z) to equation ( 1621) around z — 0. 
We have only to construct formal power series solutions of the form 

q = cz r + (higher order terms), (r, c) G Z x C x , (63) 
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Case K\ = 0, K4 = 0. 



Figure 18: Newton polygon for Painleve VI 
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(0,3) 



(4,0) 




Figure 19: Newton polygons for Lemma [8.11 (left) and Lemma [8.21 (right) 



since any formal power series solution to equation ( !62l) is convergent [TOT [TT]. Then it follows 
from ( l60i) that the associated formal Laurent series for p = p(z) is also convergent. 

In order to construct formal solutions ( |63l) . we consider the truncations along the edges 
i~i and r of the Newton polygons in Figure [TBI We see that J\ and r have outer normal 
vectors (pi,p 2 ) = (— 1, — 1) and (pi,p 2 ) — (~ 1, 0), whose slopes are p 2 /Pi = 1 and P2/P1 = 
respectively. Thus the edges i~i and r correspond to the exponents r = 1 and r = respectively. 
The truncation of P = P(z, q) along the edge J\ is given by 

Pi = -2zq 2 q' + 2z 2 q{q') 2 -2z 2 q 2 q" + {k 2 - K 2 + l)zq 2 - z 3 {q') 2 + 2z 3 qq" 



2^3 



— 2nfz z q + nfz 

Substituting q = cz into equation P 1 = yields c = K\/(ki + £K 2 ) with any sign £ G {±1}. 
Similarly, the truncation of P = P(z, q) along the edge i~o is given by 

P = -2zq 2 q' + 2z 2 q(q') 2 - 2z 2 q 2 q" + (k 2 - K 2 )q 4 + 2zq 3 q' - 3z 2 q 2 (q') 2 

+2z 2 q 3 q" + 2njq 5 - K 2 4 q 6 . 

Substituting q = c into equation P = yields c = (k 4 + £k 3 )/k 4 with any sign e G {±1}. 

Lemma 8.1 If K\ + k 2 G" Z, t/ien t/iere exists a holomorphic solution around the origin z — 0, 

00 00 



q 



Kx + K 2 



+ ki«2 ^ ^ fc , P = K o(^o + K4) ^ &fe,+ ( K ) ^ 



(64) 



fc=2 



fc=0 



depending holomorphically on k G /C mi/i K4 + K 2 ^ Z. Similarly, if K\ — k 2 G" Z, i/ien t/iere 
exists a meromorphic solution around the origin z = 0, 



K\Z 



Kl — K 2 



fc=2 



«1 — K 2 



2 



k=0 



(65) 



34 



depending holomorphically on k G K, with K\ — k 2 ^ Z. 

Proof. Substituting q = k\z{k\ + sk 2 )^ 1 + KiK 2 Q with e G {±1} into equation (I6"2"j) yields 

+ SK 2 ) 6 P (z, K X z{Ki + e^)" 1 + = K^P^ Q)> 

where p(z; Q) is a differential sum of (z, Q) with coefficients in C[k] whose Newton polygon is 
given as in Figure HH] (left). The vertex (2, 1) carries the linear differential expression 

C £ Q = 2e(/ci + eK 2 fx 2 {x 2 Q" - xQ' - («i + en 2 + l)(«i + £« 2 - 1)Q}, 

while the vertex (4,0) carries the monomial {k\ + £K2) 2 {(ki + e^) 2 + k\ — k\ — l}x A . The 
corresponding characteristic polynomial is given by 

V e (k) = 2e(«i + £K 2 ) 4 (/c — 1 — Ki — €K 2 )(k — 1 + Ki + £K 2 ). 

Hence 1 + \k\ + £«2| is the unique critical value of the problem. If it is not an integer, then 
the coefficients afc )E (/c) of the expansions (1641) and (I65I) are determined uniquely and recursively. 
By substituting the resulting power series q = q(z) into equation (l6"Uj) . the Laurent series for 
p = p(z) is uniquely determined as in (1641) and (I6"5]) . As is mentioned earlier, the formal 
solutions (1641) and (1631) so obtained are convergent. □ 



Lemma 8.2 Assume that K4 zs nonzero. If K4 + k 3 Z, £/ien t/iere exists a holomorphic 
solution germ around the origin z = 0, 



00 00 



Q 



3 + ~ y^ a k,+ ( K ) z k , V = -^4^0 y^b k ,+(K>) z k , (66) 



K4 fik 

fc=l fc=0 



depending holomorphically on k G /C u>rf/i K4 7^ and k 4 + k 3 G" Z. Similarly, if k 4 — « 3 G" Z 
taen t/iere exists a holomorphic solution germ around the origin z = 0, 



00 

k 4 — k 3 k 3 



+ — Y]a fc ,_(«) p = -k 4 (k + k 4 ) V]6 fc («) (67) 

* 4 fc=l fc=0 

depending holomorphically on k G /C mt/i K4 7^ and k 4 — k 3 G" Z. 
Proof. Substituting g = kJ 1 (k 4 + £k 3 ) + k± k 3 Q into equation (l6"2"j) yields 

K4P (z, kI x {k± + £/t 3 ) + k^k 3 Q) = kIp(z; Q), 

where p(z; Q) is a differential sum of (z, Q) with coefficients in C[k]. The vertex (0, 1) carries 
the linear differential expression C £ Q = 2(k 4 + ek ? ) 2 {x 2 Q" + xQ' — (k 4 + £k 3 ) 2 Q}, while the 
vertex (1, 0) carries the monomial (re 4 + £k 3 ) 2 {1 + k 2 — n 2 — (K4 + e/t 3 ) 2 }x. The corresponding 
characteristic polynomial is given by v e (k) = 2(k 4 + eK 3 ) 2 {k — (k 4 + en 3 )}{k + (k 4 + en 3 )}. 
Hence |/« 4 + en^l is the unique critical value of the problem. If it is not an integer, then the 
coefficients afc )E («) of expansions (1561) and (!67|) are determined uniquely and recursively. Then 
substituting the resulting series for q = q(z) into equation (160]) yields the Laurent series for 
p = p(z) as in (IBIjI) and (|67|) . The formal solutions so obtained are convergent. □ 

The solutions in Lemmas 18.11 and 18.21 are essentially constructed in [23] • We construct 
more particular solutions for the parameters on various strata of higher codimensions. 
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Figure 20: Newton polygon for Lemma [8.31 



Lemma 8.3 (Af z and Af d ) // Ki = k, 2 = 0, then there exists a 1 -parameter family of holo- 
morphic solution around the origin z = 0, 



tz 



q 



t + (l-t)(l-z) 

oo 

p = Kq(k + K^^bkjt; k)z 



+ t(l - t)K (K + K 3 ) ^ a ^ K ) zh 



k=2 



(6£ 



k=0 



depending on t G C, where a>i(t;K) = 2, bo(t; k) = 1 and the remaining coefficients ak(t',K), 
k > 3, and bk{t; k), k > 1, are polynomials of (t, k 4 ) determined uniquely and recursively. 

Proof. We put R(z;t) = tz{t+{l-t){l- z)^}' 1 . Substituting q = R(z; *)+*(1-*)«o(ko+k 3 )Q 



into equation (IB2l and multiplying the result by {t + (1 — t)(l 



} 4 yield 



(69) 



p(z,Q;t) := {t + (l-t)(l-z) K4 } 4 P(^,i?(z;t)+t(l-t)/s:o(«:o + ^)Q) 
= 2t 2 (l - t) 2 K (K + k 3 ){CQ + g{z, Q] t) + h(z)} = 0, 

where CQ = z 2 {z 2 Q" - zQ' + Q} and h(z) = -2z 4 (l - z) 2K4+1 . The Newton polygon of 
is given as in Figure [201 where the terms CQ and h(z) correspond to the vertex (2, 1) and the 
horizontal infinite edge emanating from the vertex (4, 0) respectively, and the remaining term 
g(z, Q; t) corresponds to the remaining part of the polygon. Since the characteristic equation 
of CQ is (k — l) 2 = having the unique root k = 1, the coefficients a,k{t; k), k > 2, in (l6"8l) 
are determined uniquely and recursively. Here the leading coefficient a>2,(t]K) is found to be 
a^{t; k) = 2 by substituting Q = ai{t\K)z 2 into the truncation CQ — 2z A = of equation 
( J69l) along the edge connecting the vertices (2,1) and (4,0). Substituting the resulting series 
q = q(z) into ( 1601) we have p = p(z) as in ( |68l) . □ 
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Figure 21: Newton polygon for Lemma [8.41 

Lemma 8.4 (A3) If Kq = K\ = ^2 = 0, n 3 + K4 = 1, then there exists a 1 -parameter family of 
holomorphic solutions around the origin z — 0, 

00 00 

9 = i n r— + tn 3 z + tn 3 n 4 y^ a k (t; n) z k , p = -tn\ Y] b k (t; k) z k , (70) 

1 — (1 — z r 4 z — ' z — ' 

v 7 fc=2 fc=l 

depending on t G C, where a 2 (t; k) = tn 3 , &i(t; k) — 1 and t/ie coeffcients a k (t; «), k > 2, and 
b k (t;K), k > 1, are polynomials of (t, K4) determined uniquely and recursively. 

Proof. Put R(z) = z{l - (1 - z) K4 } _1 . Substituting q = R(z) + tn 3 z + tn 3 K 4 Q into ([62]) yields 

P(z, R(z) + tn 3 z + tK 3 K^Q) = tnliilR(x) 4 p(z, Q; t), 

where p(z, Q; t) is a differential sum of (z, Q) with coefficients in C[t, K4] whose Newton polygon 
is given as in Figure EH Especially the vertex (0, 1) carries the linear differential expression 
CQ = 2(z 2 Q" + zQ' — Q), whose characteristic polynomial is 2(k — l)(k + 1), while the vertex 
(2,0) carries the monomial — 6tK 3 z 2 . Since the critical values k = ±1 are smaller than 2, the 
coefficients a k (t; k), k > 2, in ( 1701) are determined uniquely and recursively, where the leading 
coefficient a,2(t; k) is found to be tn 3 . The rest of the proof is similar to that in Lemma \8. 3 1 □ 

Lemma 8.5 (D 4 ) If k = K\ = n 2 = k 3 = and k 4 = 1, then there exists a 1-parameter 
family of holomorphic solution germs around the origin z = 0, 

00 00 

q = l + tY^a k {t)z k , p=- -+tY j b k {t)z k , (71) 

fri (l-*)log(l-s) 

depending on a parameter t G C, where a\(t) = = 1 and the remaining coeffieicents a k (t) 
and b k (t), k > 2, are polynomials of t determined uniquely and recursively. 
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Figure 22: Newton polygons for Lemma [8.51 (left) and Lemma [8.61 (right) 



Proof. Substituting q = 1 +tz + tQ into equation (IU2"]) yields P(z, 1 + tQ) = t 2 p(z, Q; t), where 
p(z, Q; t) is a differential sum of (z, Q) with coefficients in C[t] whose Newton polygon is given 
as in Figure [22] (left). Consider the edge connecting (f , 1) and (3, 0). The vertex (1, 1) carries 
the differential monomial CQ = 2z 3 Q", whose characteristic polynomial is kik — 1), while the 
vertex (3,0) carries the monomial — 4tz 3 . Put a\{t) = 1. Since the critical values k — 0, 1 are 
smaller than 2, the coefficients afc(t), k > 2, in fTTTj) are determined uniquely and recursively. 
Substituting the resulting series q = q(z) into floT?|) we have p = p(z) as in flTTj) . Here the term 
z/{{1 — z) log(l — z)} is singled out from p = p(z), because putting t = yields the special 
solution q = 1 and p — z/{(l — z) log(l — z)} (see also Lemma WM . □ 

Lemma 8.6 (A® 4 ) Let k = 1/2 and Ki = k 2 = K3 = k 4 = 0. Then there exists a 1-parameter 
family of holomorphic solutions around the origin z = depending on a parameter t G C, 



q = tz + t(l -t)^2a k (t) 



P 



(72) 



where the coefficients a^(t) and bk{t) are polynomials oft beginning with a 2 (t) = 1/2 and 
b (t) = 1/4. Moreover there is another 1-parameter family of solutions around z = 0, 



1 t-1^ 
9 = T + ^^2^ Ck ^> 



t 



t 



k=l 



k=0 



(73) 



depending on t G C, where Ck{t) and dk(t) are polynomials oft beginning with Ci(t) = 1/2 and 
do(t) = —1/2. For t = 0, formula represents the solution such that q = 00 and p = 0. 

Proof. We only derive ( 1731) . as ( 1721) is derived in a similar manner. Substituting q = t^ 1 + 

into (PD yields P(2,r 1 +t" 1 ( t - 1 )Q) = t" 4 (t- 1) 2 2"V(^, where p(z, Q; t) is a 
differential sum of (z, Q) with coefficients in C[t] whose Newton polygon is given as in Figure 
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(right). Consider the edge connecting (0, 1) and (1, 0). The vertex (0, 1) carries the differential 
sum CQ = —2{zQ' + z 2 Q"), whose characteristic polynomial is —2k 2 , while the vertex (1,0) 
carries the monomial z. Since the critical value k = is smaller than 1, the coefficients Ck{t), 
k > 1, in (173"]) are determined uniquely and recursively, where the leading term is Ci(t) = 1/2. 
Substituting the resulting series q = q(z) into floTil) we have p = p(z) as in (ITS"]) . □ 

So far we have considered the edges and r of the Newton polygon in Figure [18] and 
constructed meromorphic solutions around the origin z = 0. Now let us consider the vertex (0, 3) 
of the polygon, which gives rise to algebraic branch solutions around z = 0. The truncation of 
the differential sum P = P(z, q) at the vertex (0, 3) is given by 

P 3 = -2zq 2 q' + 2z 2 q(q') 2 - 2z 2 q 2 q". 

Its charactersistic polynomial x( r ) is defined by substituting q = z r into P^{z,q) and dividing 
the result by g 3 = z 3r . In the present situation we see that x{ r ) is identically zero; x{ r ) = 0. 
The normal cone of the vertex (0,3) is U3 — { ij>i,P2) € M 2 : pi < 0, < r = P2/P1 < 1 }• 
Thus the truncated solutions at the vertex (0, 3) are q = tz r for an arbitrary < r < 1 and 
t G C x . The Frechet derivative with respect to q at the truncated solution q = tz r is given by 

C 3 Q = -2t 2 z 2r {z 2 Q" + (1 - 2r)zQ' + r 2 Q}. 

The corresponding characteristic equation is given by v%(k) := —2t 2 [k — r) 2 = 0, which has 
the only root k = r. Let n be any integer greater than 1. In order to search for an algebraic 
n-branch solution around z = 0, we take r = m/n for any integer < m < n coprime to n, 
and consider a formal Puiseux series solution of the form 

00 

q = tz m/n + J2 a u {t) Z u/n . 
v=m+l 

Since the characteristic equation v^(k) = has no roots such that k > m/n, the coefficients 
a u — a u{t) can be determined uniquely and recursively for any given initial coefficient t G C x . 
The convergence of the formal solution and its holomorphic dependence on parameters follow 
easily if we rewrite the equation ( l62l) in terms of the new independent variable ( = z l l n and 
apply the convergence arguments in pI)J[Tl]. Thus we have established the following lemma. 

Lemma 8.7 For any integer n > 1, there exist <f(n) mutually disjoint 1 -parameter families of 
n-branch solution germs to Pvi(k) around the origin z = 0, 

00 

q(z) = tz m ' n + a u {n,m,t;K)z u/n , 

u=m+l , v 

p{z) = m + n(«! + k 2 - I) z _ m/n + £ K (n, m , t -K)z»> n , 

v=—m+l 

where the discrete parameter m ranges over all integers < m < n coprime to n and the 
continuous parameter t takes any value of the punctured complex line C x . 

Remark 8.8 The family (1741) contains no Riccati solutions, even if k G Wall. This will be 
shown in the proof of Lemma 19.141 
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9 Injection Implies Surjection 



We establish Theorem 11.31 based on the main idea described in £JTJ Due to the ^-symmetry 
permuting the three fixed singular points, it suffices to work around z = (see Remark 15. ip . 

As a preliminary we begin by constructing some Riccati solutions to equation (CQ). Assume 
that k = so that Ki + k 2 + n 3 + k 4 = 1. Then the second equation of system (OQ) has the null 
solution p(z) = 0. Substituting this into the first equation yields the Riccati equation 

z(z - l)q + Kiq x q z + (k 2 - l)<Mi + K 3 q q z = 0. 

If k 4 is nonzero, then the change of dependent variable 

g = £ 2^£iog{(i-zr7} 

k 4 az 

transfers the Riccati equation to the Gauss hypergeometric equation 

z{\ - z)f" + {(1 - k 3 - « 4 ) - (« a - K4 + + K2K4/ = 0. (75) 

Next assume that k = k% = so that k 2 + k 3 + k 4 = 1. In this case there is another type 
of Riccati solution to the system (CEJ). The first equation of the system (0Q) has the null solution 
q(z) = 0. Substituting this into the second equation yields the Riccati equation 

z(z - l)p' + zp 2 + (k 2 - 1 + K 3 z)p = 0. 

Then change of independent variable p = (z — 1) — log g takes it to the linear equation 

az 

z(l - z)g" + {(1 - k 2 ) - («3 + l)z}g' = 0. (76) 



Lemma 9.1 (A-^) Assume that k = 0, K\ + k 2 + n 3 + k 4 = 1, K4 + k 2 ^ Z, k 3 + k 4 ^ Z and 
7^ 0. Taen system (CD) /ias £u>o single-valued Riccati solutions around the origin z = 0, 

(a) q = — — hO(/ti2; 2 ), p = 0, 

Kl + K 2 

(b) g = ^^ + 0(k 3 z), p = 0. 

Proof. The solutions (a) and (b) are obtained from two linearly independent solutions 



2 



Fi(re 2 , -«4, 1 - «3 - ^4; «), 2r K3+re4 2 F 1 (K 2 + k 3 + k 4 , k 3 , k 3 + n 4 + 1; 2) 



of equation (1751) repsectively. They also come from solutions (1541) and ( 1661) respectively. □ 

Lemma 9.2 (A 2 ) Assume that Kq = K\ — 0, k 2 + k 3 + k± = 1, k 2 (jL 7L, k 3 7^ 1 and k 4 7^ 0. 
Taen system (fTJ) /ias iaree single-valued Riccati solutions around the origin z = 0, 



q = 0, p = 



(b) g = ^±^ + 0(z), p 0, 

(c) g = 0, p = - ^ 3 ~ 1) +Q(,). 

«2 + 1 
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Proof. The solutions (a) and (b) just come from (a) and (b) of Lemma [9.11 respectively, while 
solution (c) is obtained from the solution z K2 2 Fi(k 2 , k 2 + k 3 , k 2 + 1; z) of equation ( 1751) . □ 

Lemma 9.3 (A3) Assume that k,q = K\ = k 2 = 0, K3 + K4 = 1 and K4 7^ 0. Then system (Q]) 
admits a l-parameter family of single-valued Riccati solutions around the origin z — 0, 

q(z;s)= *f — , p(z;s)=0, (s = [sq : s±] G P 1 ). (77) 

S + Si(l — z) KA 

Proof. The hypergeometric equation ( 1751) becomes (1 — z)/" — K^f = 0, whose nontrivial 
solutions are given by f(z) = so + si(l — z) K4 with (s , si) G C 2 — {(0, 0)}. The corresponding 
Riccati solutions are the l-parameter family of single- valued solutions q = q(z; s) as in (J77J). □ 

Lemma 9.4 (-D4) Assume that n Q = k% = k 2 = n 3 = and /t 4 = 1. 

(1) System (Q]) admits a l-parameter family of rational Riccati solutions 

q(z;s)= -, p(z;s)=0, (s = [s : si] € P 1 ). (78) 

So + si^i — 

(2) System admits a l-parameter family of single-valued Riccati solutions around z = 0, 

sl - ^ f > = ( i-,){ fo iog(i- ;) + fl } - (i = [f0 : (l1 e pl) ' (79) 

Proof. In this case ( 177j) gives the l-parameter family of rational solutions ( 1751) . Moreover the 
first equation of system (PQ) admits a constant solution q(z) = 1. Substituting this into the 
second equation yelds the Riccati equation z(z — l)p' + (1 — z)p 2 +p = 0. Change of dependent 
variable p = —zf'/f takes this into the linear equation (1 — z)f" — f = 0, whose nontrivial 
solutions are given by / = t log(l - z) + tx with (to,*!) G C 2 - {(0,0)}. Thus the Riccati 
equation has the l-parameter family of single- valued solutions p = p(z; t) as in (1791) . □ 

Now we proceed to the proof of Theorem 11.31 From now on we fix the indices as k) = 
(3, 1, 2) in accordance with the choice of indices in £J5J First we treat the fixed point case. 

Lemma 9.5 The set Fixj(0) is exhausted by meromorphic solutions around z = 0. 

Proof. Case-by-case check based on the "injection-implies-surjection" principle described in §[TJ 

Example 9.6 (0) We combine the results of Example 17.11 Lemmas 18.11 and 18.21 A key ob- 
servation is that Lemmas 18.11 and 18.21 give us as many meromorphic solutions around z = 
as the cardinality of the set Fixj(6) in (T4"9"l) . For example, if P(6j, 6 4 ; bj, b k ) G Fixj(6*), then 
the existing and smoothness conditions for it (see Table [3]) makes it possible to apply Lemma 
18.21 to conclude that the meromorphic solution (1661) exists corresponding to the fixed point 
P(6j, 6 4 ; bj, bk). Thus the set Fixj(#) is exhausted by meromorphic solutions around z — 0. 
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Example 9.7 (Ai) We combine the results of Example 17.21 Lemmas 18. Ill8.2l and l9. II First we 
notice that the two single- valued Riccati solutions in Lemma 19.11 correspond to the two Riccati 
fixed points Fix -(0) = {p, q} in ( [501 . On the other hand, for the same reason as in Example 19.61 
formulas ( ]Q5[) and ( ]QT[) in Lemmas 18.11 and 18.21 give us as many meromorphic solutions around 
z = as the cardinality of smooth fixed points Fix -(0) = {{P(6j, b~l ; bj, 6 fc ), P(bj, b^ 1 ; \, b^)}} 
in ([50]) . Thus the set Fixj(9) is exhausted by meromorphic solutions around z — 0. 

Example 9.8 (A 2 ) We combine the results of Example 17.31 Lemmas 18.21 and 19.21 As (]5H 

shows, the set Fixj(0) consists of the four points po, p + , p- and P(bj, b^ 1 ; bi, 64). On the other 
hand, we have the three single-valued Riccati solutions of Lemma 19.21 and one non-Riccati 
holomorphic solution (1571) . Clearly, the three Riccati solutions correspond to the points p , 
p + and p_, while the non-Riccati solution corresponds to the remaining point P{bj, b^ 1 ; b iy 64). 
Thus any single- valued solution around z = is a meromorphic solution. 

Example 9.9 (A® 2 ) We combine the results of Example 17.41 Lemmas 18.21 and 18.31 First we 
consider the H^-D^-stratum of type (Af 2 )i. The C-parameter family (1681) of holomorphic 
solutions injects into the line ~ C in (1531 . so that we have an injection C <^-> C. Since this 

injection is holomorphic, it must be a surjection. Thus the line is exhausted by the family 
(I68p . Moreover we have the two holomorphic solutions ([00]) and ( 1671) . which do not lie in the 
family (15H|) . Thus they must correspond to the points P(b{, 64; bj, b^j and P(bi, b^ 1 ; bj, b k ) in 
( 153"]) . So on the stratum of type (Af 2 )i the set Fixj(0) is exhausted by meromorphic solutions 
around z — 0. Next we consider the W^(Z?4 )-strata of types {Af 2 )j and (Af 2 )^. On these 
strata the equality Fixj(9) = Fix-(#) in ( 1541 implies that any single- valued solution around 
z = is a Riccati and hence meromorphic solution. 

Example 9.10 (A 3 ) We combine the results of Example 17.51 Lemmas 18.21 18.41 and 19.31 First 
we consider the W(D± ^-stratum of type (Af 2 )i. The P 1 -family ([77]) of single-valued Riccati 
solutions exactly corresponds to the exceptional curve e — P 1 in ( 155]) . So the C-family ([70]) of 
holomorphic solutions must inject into the line £^ ~ C in ( [55]) . Since this injection C C is 
holomorphic, it must be a surjection. Hence is exhausted by the family fjTO]) . Moreover there 
is the holomorphic solution ([07]) . which must correspond to the point P(6j, 6j, 6^) in ([55]) . 
Thus on the stratum of type (^4f 2 )i the set Fixj(#) is exhausted by meromorphic solutions 
around z = 0. Next we consider the W(D^ ^-strata of types (^4f 2 )j and (Af 2 )fc. On these 
strata the equality Fixj(#) = Fix -(^) in ([50]) implies that any single- valued solution around 
2 = is a Riccati and hence meromorphic solution. 

Example 9.11 (A® 3 ) We combine the results of Example 17.61 and Lemma 1HT31 As (]57j) shows, 
Fixj(#) has only one line component ~ C. Hence the C-family ( 1681) of holomorphic solu- 
tions must inject into this line, so that we have an inclusion C <^-> C. Since this injection is 
holomorphic, it must be a surjection. Thus is exhausted by the family ([OH]) . 

Example 9.12 (D 4 ) We combine the results of Example 17.71 Lemmas 18.51 and 19.41 The P 1 - 
family ([75]) of rational Riccati solutions corresponds to the exceptional curve e in (1581 . while 
the P 1 -family ([791 of single-valued Riccati solutions corresponds to the exceptional curve ej 
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there. Hence C-family ( J7T1) of holomorphic solutions, which is different from ( J7S1) and (1791) . 
must inject into the line ft ~ C in (1581) . Since this injection C C is holomorphic, it must 
be a surjection. Thus ft is exhausted by the family (17TT) . 

Example 9.13 (A® 4 ) We combine the results of Example 17.81 and Lemma 18.61 In view of 
Fixj(8) = tj II £~ , the C-family ([72]) of holomorphic solutions injects into the line £j ~ C for 
some sign e G {±1}- So we have an injection C <^-> C. Since this injection is holomorphic, it 
must be a surjection, so that £j is exhausted by the family (I72|) . Then the other C-family (1731 
of holomorphic solutions injects into the remaining line £j £ ~ C. So we have another injection 

C C. Since this injection is holomorphic, it must be a surjection. Hence Fixj(8) = £~j~ U£j 
is exhausted by the families ( 1721) and (1731) . The proof of Lemma [9.51 is now complete. □ 

Finally we argue the periodic point case using the "injection-implies-surjection" principle. 

Lemma 9.14 For any n > 1 the set Per j(9;n) is exhausted by algebraic n-branch solutions 
around z = 0. 

Proof. We combine Lemmas 16.61 and 1 8 . 71 First we consider the generic case where k G /C— Wall, 
namely, where 9 = rh(/t) is such that A(8) ^ 0. In this case there is no Riccati locus and hence 
Per j(9;n) = Per(0;n), which is biholomorphic to the disjoint union of tp(n) copies of C x by 
Lemma I6T61 On the other hand, by Lemma l£T7l there are ip(n) mutually disjoint C x -parameter 
families of algebraic n-branch solutions around z = as in (1741) . Number these families from 
1 to <f(n). The first family injects into a (unique) connected component (~ C x ) of Per j(9;n), 
which we call the first component, and we have an injection C x C x . Since this injection is 
holomorphic, it must be a surjection and hence the first component is exhausted by the first 
family Consider the second family of solutions and the corresponding second component of 
Perj(#;n). Notice that the second component is different from the first one, because the first 
component is already occupied by the first family and so it cannot contain the second family. 
For the same reason as above, the second component is exhausted by the second family. Since 
the families and the components have the same cardinality (p(n), we can repeat this argument 
to conclude that Per j(6;n) is exhausted by the <p(n) families of algebraic n-branch solutions. 

Next we consider the case where k G Wall, namely, where the Riccati part Per -(0;n) may 
appear. Since the lemma is trivial for the Riccati part, we have only to consider the non-Riccati 
part Per ■(#; n). The argument proceeds just in the same manner as in the last paragraph, once 
we show that the family of solutions in (1741) contains no Riccati solutions (see Remark 18.8ft . To 
see this, we consider the family S — > B of surfaces S{9) parametrized by 9 G and put 

Pe7 3 {n) = \\ Pe7 5 {9; n), £ = \\ 8(9), 
eee eee 

where S (9) is the exceptional set in S{9). (Precisely speaking, the parameter space O should 
be replaced by a finite covering of it to get a simultaneous minimal resolution.) Then Per -(n) 

and £ are closed subsets of S which are disjoint by Lemma 14.51 Now we look at the family 
of solutions in (1741 . It depends continuously on k G /C. Take any point k* G Wall and let 
/C — Wall 3 k — > k* . For any k G /C — Wall, the family at K is contained in Per ■(#; n) with 
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9 = rh(/c) and hence in Per (n). Taking the limit k — > «*, we see that the family at k* is 

contained in Per -(n), hence in Per j(9*;n) with 6 1 * = rh(«*). Since Per 3 -(0*;n) is disjoint from 
£(9*), the family at contains no Riccati solutions. Therefore the proof is complete. □ 

Now the local statement of Theorem 11.31 around a fixed singular point, say z = 0, is an 
immediate consequence of Lemmas 19. 51 and 1 9 . 141 At the same time all the finite branch solutions 
around z = have been classified up to Backlund transformations. The global statement about 
algebraic solutions follows readily from the local statements around z = 0, 1, oo, together with 
the analytic Painleve property on Z = P 1 — {0, 1, oo}. The proof of Theorem 11.31 is complete. 
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